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Mé dau

Chi s6 chinh quy Castelnuovo-Mumford 1a mét bat bién quan trong
cung cap nhiéu thong tin vé do phic tap ctia nhiing ciu tric dai s6 phan
bac. Chi s6 chinh quy Castelnuovo-Mumford xuét hién trong céng trinh
vé duong cong xa anh ctia Castelnuovo [8] va dudc Mumford [41] phat
biéu dinh nghia dau tién cho da tap xa anh.

Gia st S = klx1,...,x,] 12 vanh da thidc n bién xq,...,x, trén trudng &
va E 14 S-médun phan bac hitu han sinh, theo dinh 1y xoén caa Hilbert

ton tai giai thiic tu do phan bac t6i tiéu cta E c¢6 d6 dai hitu han

Bq Bg-1 Bo
0— @S(—dqj) — @ S(—d(q_l)j) —_— e — S(—doj) —FE—0. (1)
j=1 j=1 j=1

Chi sb chinh quy Castelnuovo-Mumford ciia E dudc dinh nghia 1a s6
reg(E)=max{d;;—i1i=0,..,qg va j=1,..,5;}.

Tu dinh nghia nay ta biét dudc chi s6 chinh quy cta E 1a chén trén cho
tat ca cac bac sinh cta cac médun xoan (syzygy) caa E [15]. D6 1a mot
y nghia quan trong ctia chi s6 chinh quy Castelnuovo-Mumford. Hon
niia, chi s6 chinh quy Castelnuovo-Mumford cta E 1a chén trén cho bac
cuc dai cia mot hé sinh t6i tiéu thuan nhét cta E. Néu S khong 13
vanh da thic trén mot truong thi giai thuac tu do khong nhat thiét
c6 d6 dai hitu han. Khi d6, bang ngon ngi d6i dong diéu dia phuong,
khai niém chi s6 chinh quy Castelnuovo-Mumford dudc dinh nghia cho
modun phan bac hitu han sinh trén dai s6 phan bac chuén bat ky [44].
Néu E = @ E, 12 mddun phan bac hitu han sinh trén mot dai s6 phan

nez

bac chudn S = @ S, thi chi s6 chinh quy Castelnuovo-Mumford reg(E)

n=0
cta E dudc dinh nghia 1a s6 m nhé nhéat sao cho H 5. (E)p =0 v61 moi

nzm—i+1vai=0,trong d6 Hy (E)la dbi dong diéu dia phuong cia E
véi gia S, = @ S,,.

n>0



Mot khai niém lién quan chat ché véi chi s6 chinh quy 1a ham Hilbert-
Samuel. Gia st (R,m) la vanh Noether dia phuong va J la idéan m-
nguyén sd cia R. Néu M 1a R-médun hitu han sinh thi médun phdn
bdc lién két ciia M ting véi J 1a

Gy(M)=P J"M/J""M.
n=0
Dac biét G(J) := G 7(R) 1a vanh phan bac chuin va goi 1a vanh phdn bdc
lién két ciia R tng véi J. Nhu da biét G (M) 1a G(J)-médun phan bac
httu han sinh va J"M/J"*1M 14 R/J-médun cé do dai hitu han véi moi
n = 0. Ta dinh nghia ham Hilbert-Samuel ciia M tng vdi J 1a ham sb
hoc

Hjy(n)= MM/J" M) =Y MJ M/J" M)
J=0

v6i moi n = 0, trong do A(e) la do dai cia R-modun. Samuel da ching
minh ton tai mét da thic Pyu(x) € Qlx] c6 bac d = dim(M) sao cho
Hj y(n) = Py py(n) v6i moi n > 0. Pa thic Py y(x) duge biéu dién dudi
dang

d , _;
P m(x)= Z(—l)lei(J,M)(erd : l).
i=0 d—i

Cac sb nguyén e;(J, M) dudc goi 1a hé sé6 Hilbert cia M tng véi J. Pac
biét, e(J, M) := eo(J, M) dudc goi la sb boi ciia M ting véi J va eq(J, M)
dudc goi 1a hé s6 Chern ciia M tng vdi J. Khi M = R ta sé ki hiéu
ei(J):=e;(J,R). Sb n 16n nhét sao cho Hjun) # P y(n) dude goi la chi
s6 Hilbert ciia M ting vdi J.

Muc dich ctia luan an 14 nghién citu cac chin trén cho mét sb bat bién
cta vanh va idéan phan bac. Tuy phan 16n két qua ctia ching toi dat
dudc la trong vanh dia phuong, nhung phuong phap ma chiang t6i st
dung lién quan dén dai s6 Rees va vanh phan béac lién két. Noi dung
cua luan an dudc tap trung vao ba huéng chinh.

Huéng thit nhat 14 thiét lap cac chan cho cac hé s6 Hilbert. Cac hé
s6 Hilbert cung cip cho chiing ta cic théng tin vé cau tric ciia vanh
va moédun dang xét. Pau tién, ching t6i xét tinh khong duong cta céc
hé s6 Hilbert. Lién quan dén bai toan xét diu cta cac hé s6 Hilbert,
Vasconcelos [69] da goi e1(J) 14 hé s6 Chern va dua ra mot s6 gia thuyét
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veé hé s6 nay. Mot trong cac gia thuyét dé 1a gia thuyét vé tinh Am ctia hé
s6 Chern cta idéan tham s6: "Cho (R,m) la vanh Noether dia phuong.
Khi dé, R la vanh khong Cohen-Macaulay khi va chi khi hé s6 Chern
ctia moi idéan tham sé ciia vanh R déu ém". Nam 2010, Goto [19] cung
v6i nhém nghién citu cia 6ng da giai quyét thanh cong gia thuyét nay.
Néu R 1a vanh Noether dia phuong bat ki, Mandal-Singh-Verma [39] da
chiing minh mét tinh chéat dang chd ¥ 14 e1(Q) < 0 v6i moi idéan tham sb
Q cia R. Néu depth(R) = d — 1 thi McCune [40] da ching minh e5(Q) <0
va Saikia-Saloni [54] da chiing minh es(Q) < 0. Trong khi dé cac hé sb
Hilbert khac c¢6 thé duong. Tuy nhién, néu thém gia thiét d6 sau caa
vanh phan béc lién két 16n hon hodc bang d — 2 thi Saika-Saloni [54] va
Linh-V. D. Trung [36] da ching minh ¢;(Q) <0 véi moi i =1,...,d. Tu
nhiing két qua trén, ta quan sat thiy dang diéu cta cac hé s6 Hilbert
ei(Q) véi @ 1a idéan tham s6 phu thudc vao do sau ctia vanh phan bac
lién két G(Q). Néu J 13 idéan m-nguyén sd, ching ta chua biét nhiéu
théng tin vé dau cta cac hé sbé Hilbert ctia né. P& thuc hién cong viéc
nay, ching ta xét dai luong o(J*) = depth(G(J%)) véi k € N, Elias [17] da
chiing minh khi % > 0 thi o(J%) 12 hang s6 va dudc ki hiéu béi o(J) (d6
sau vanh phan béc lién két tng véi liy thita da lén cta idéan J). Véi
diéu kién o(J) = d — 2 va s6 mi rat gon r(J) <2, ching ta thu dude két
qua vé tinh khéng duong ctia hé sb6 Hilbert cubi cung ctia J nhu sau.
Dinh ly Cho (R,m) la vanh Noether dia phuong chiéu d = 2 va
depth(R) =d - 1. Gia su J la idéan m-nguyén so ctia R sao cho r(J)<d-1.
Néu o(J)=d -2 thi ey(J) <0.

Dinh 1}’7 cho chiing ta biét vé tinh khong duong ctia hé s6 Hilbert
cudi cung ctiia idéan m-nguyén sd J, tuy nhién cac hé s6 Hilbert khac c6
thé duong (xem Vi du . Néu depth(G()) = d — 2 va sb6 mil rut gon
r(J) <2, ching ta thu dugc tinh khong duong cta cac hé s6 Hilbert khac
nhu sau.

Dinh ly Cho (R,m) la vanh Noether dia phuong chiéu dim(R) =
d =3 va depth(R) =d - 1. Gia su J la idéan m-nguyén so ctua R sao cho



r(J) < 2. Néu depth(G(J)) = d — 2 thi
ei(J)<0 véi i=3,..,d.

DPé y rang o(J) = depth(G(J)) nén Pinh Iy 12 mot sy mé rong cac
két qua trudc d6 ctiia Puthenpurakal [47, Theorem 9.1], Saikia-Saloni
[564, Corollary 3.2] va Linh-V. D. Trung [36, Theorem 2.9].

Nhu da biét, chi s6 chinh quy ctia vanh phan bac lién két 14 mot chén
trén cho chi s6 Hilbert, khi ching ta da chan dudc cho chi sé Hilbert
thi c6 thé chan cho cac hé s6 Hilbert bang mét phuong phap da dua ra
béi Rossi, Valla va Vasconcelos [53]. Bai toan tim cac chan cho cac hé
s6 Hilbert theo cac bat bién thong dung thu hit su quan tdm ctia méot
s6 nha toan hoc. Néu R 1a vanh Cohen-Macaulay va Cohen-Macaulay
suy rong, Srinivas va Trivedi [59, 63] da dua ra chan cho cac hé sb
Hilbert cta idéan m-nguyén so theo chiéu va sé boi. Néu R 1a vanh
bat ki thi Rossi, Trung va Valla [51] da thiét 1ap chin cho céc hé sb
Hilbert cta idéan cuc dai theo chiéu va bac mé rong. Sau d6, Linh [31]
da mé rong két qua ctia Rossi, Trung va Valla [51] sang cho 16p idéan
m-nguyén so. Goto va Ozeki [21] da thiét 1ap chan phé dung cho céc
hé s6 Hilbert cta idéan tham sb trong vanh Cohen-Macaulay suy rong.
Gan day, Ding va Hoa [12] da thiét 1ap chin cho cac hé s6 Hilbert
eq_t+1(),eqg_iro(),...,eq(J) theo e(J),e1(J),...,eq_;(J) vOi t = depth(R) =1
va d = dimR. Chén cta Diing va Hoa [12] thu dudc phu thudc vao s6 boi
e(J). Vay mot cau hoi tu nhién dat ra nhu sau.

Cau héi 1. Gid sz (R, m) la vanh Noether dia phuong chiéu d véi depthR =
t va J la idéan m-nguyén so ciia R. Lidu rang cé ton tai chdn cho cde hé
s6 Hilbert e g_;41(J),...,eq(J) theo ei(J),...,e g_(J) va chdn nay khong phu
thudc vao sb boi e(J) khong?

Néu J = @ 1a idéan tham s6 ctia R va depthR =d — 1, thi Cau héi 1
tré thanh bai toan tim chan cho cac hé s6 Hilbert es(Q), ...,e4(Q) theo hé
s6 Chern e1(®) va khong phu thudc vao sb béi e(Q). Cac két qua trong
[19] 20] da chiing té hé s6 Chern e1(Q) 12 mot hé sb6 quan trong va phan
anh nhiéu thong tin ctia vanh va modun. St dung chén cho chi s6 chinh

quy ctia vanh phan béac lién két ting véi idéan tham sb @ trong [32] va
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phuong phap ctia Rossi, Valla va Vasconcelos [53], chung ta thu dudc
chan cho eq(Q),...,e4(Q) theo e1(Q) khong phu thudc e(Q).

Dinh ly Gid stz (R,m) la vanh Noether dia phuong chiéu d =2 va
depth(R) =d — 1. Néu Q la idéan tham sé ctiia R thi

le; (@) <3.2"2r L ey(Q)] véi i=2,...d,

trong do, r = max{[-4e1(@)1¢ V' +e1(Q)-1,0} + 1.

Huéng tiép theo ma ching t6i quan tam la bai toan nhiéu cta idéan
trong vanh Noether dia phuong. Gia st J 1a idéan bat ky cta vanh
Noether dia phuong (R,m) va I = (fy,...,f) la idéan ctia R sinh bdéi day
fi,....fr. Idéan I' = (f{,...,f;) dudc goi la nhiéu J-adic ctia I néu fl=fi
mod J” véi i = 1,...,r va n d 16n. Néu J = m thi nhiéu m-adic cta I dudc
goi 1a nhidu bé ciia I. Két qua dau tién lién quan dén bai toan nhiéu
dudc nghién ciu béi Samuel [55] vao nam 1956. Samuel [55] da chiung
minh néu f €R = k[[xl, xd]] lé mot siéu mat véi ki di ¢o lap, tic la
idéan Jacobian J(f) = ax ey ax 97y 13 idéan (x1,...,xg)-nguyén so, thi véi
moi f' théa man f' = f mod (x1,...,x7)J(f)?, ta c6 RAf) = R/Af"). Sau dé6
két qua ctia Samuel [55] dude mé rong bdi mét so tac gia [24] 10| 11| 42
22]. Néu R/I va R/I' khéong dang ciu, mét cAu héi tu nhién dude dat ra.
Cau hoéi 2. Nhiing tinh chdt hodc bt bién nao dude bdo toan qua nhidu
cua I?

Eisenbud [14] chiing minh néu fi,...,f, la day chinh quy ctia R thi
fi,.-.f; cing la day chinh quy ctia R. Sau d6, Huneke va Trivedi [28] da
md rong két qua nay cho day loc chinh quy.

Mot bat bién khac quan trong thu hit dude nhiéu nha toan hoc quan
tam 12 ham Hilbert-Samuel. Néu J 1a idéan m-nguyén sd thi s6 nguyén
N nhé nhat sao cho ham Hilbert-Samuel ctia R/I va R/I' tng véi J bang
nhau, tuc la

MR/ +J"™) = MR/T' +J")
v6imoin=0val =(f],...f}), trong 6 f/ = f; modJV véii=1,..,r, dugc
goi 1a chi sb6 nhiéu Hilbert clia I ung vdi J, ki hiéu béi N(,J). Néu
R la vanh Cohen-Macaulay suy rong va I sinh béi day loc chinh quy,
Srinivas va Trivedi [57] da ching minh ham Hilbert-Samuel cua R/I
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bao toan duéi nhiéu bé cta I. Srinivas va Trivedi [57] chi ra rang diéu
kién I sinh béi day loc chinh quy 1& khong thé bé ducc va ho dat ra
gia thuyét liéu rang c6 thé bé di diéu kién R 1a vanh Cohen-Macaulay
suy réong hay khong? Nam 2020, Ma, Quy va Smirnov [37] da giai quyét
thanh cong gia thuyét ctia Srinivas va Trivedi. Cu thé hon, Ma, Quy
va Smirnov [37] da chiing minh ham Hilbert-Samuel caa R/I ing véi J
dudc bao toan qua nhiéu bé cta I, véi gia thiét I +J 1a idéan m-nguyén
so. Nam 2023, Quy va N. V. Trung [49] bang mét tiép can khac, da
chiing minh G (R/I) = G(R/I') v6i J 1a idéan bat ki va I sinh béi day
J-loc chinh quy. Cac chan cho chi s6 nhiéu Hilbert trong [57] va [37]
12 khong tudng minh. Tuy nhién, néu R 1a vanh Cohen-Macaulay va
I sinh béi day chinh quy thi Srinivas va Trivedi [58] da thiét 1ap mot
chan tuyén tinh cho N(I,m) theo s6 bdi cia R/I. Sau dé, Quy va V. D.
Trung [48] da mé rong két qua ctia Srinivas va Trivedi [58] cho 16p vanh
Cohen-Macaulay suy rong, tic 1a thiét 1ap chén tuyén tinh cta N(I,m)
theo bac mé rong ctia R/I. Pén day, mot cau héi tu nhién dude dat ra
nhu sau, dé xuat béi Quy va N. V. Trung [49], Question 4.9].

Cau héi 3. Gid st (R,m) la vanh Noether dia phuong bat ki va J la
idéan m-nguyén so. Xet I = (f1,...,fr) la idéan ctia R sinh bdi day loc
chinh quy. Khi dé, cé ton tai chdn trén tuyén tinh cho chi sbé nhiéu
Hilbert N(1,J) theo bac mé rong D(J,R/I) hay khong?

St dung phuong phép ctia Quy va V. D. Trung [48] va thiét 1ap mét
chin trén cho chi s6 rat gon r(J,R/I) theo bac dong diéu hdeg(J,R/I),
chung ta thu dudc két qua sau.

Dinh ly Gid stz (R,m) la vanh Cohen-Macaulay suy rong chiéu d
va J la idéan m-nguyén so cua R. Xét I =(f1,...,fr) la idéan cta R sinh

béi day loc chinh quy f1,...,fr cua R. Dat s=d —r va
N =max{s.hdeg(J,R/I)—2s+ 1,0} +(s+ 1)I(R) + 2.
Khi do,
AMR/II +J™) = MR/ +J™))

vdi moi n=0va I' = (f1,...,f}), trong dé f]=f; modJVN véii=1,..,r.
V6i cach nhin d6i ngau, ching t6i quan tam dén bai toan bao toan
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ham Hilbert-Samuel d6i ngau lién két v6i médun Artin qua nhiéu cta
idéan. Cho (R,m) la vanh Noether dia phuong va A la R-mo6dun Artin,
gia st J la idéan cua R sao cho A(0:4 J) < co. Chung ta dinh nghia ham

Hilbert-Samuel dbi ngdu ctia J lién két véi A
H') y)=M0:4 I™)

v6i moi n = 0. Cau héi ma ching t6i quan tidm lién quan dén ham
Hilbert-Samuel d6i ngau nhu sau.

Cau hoi 4. Gid sz (R, m) la vanh Noether dia phuong va A la R-médun
Artin. Xét I =(f1,...,f) la idéan sinh bdi day loc A-dbi chinh quy fi,...,fr
va J la idéan ciia R sao cho MO :4 J) < oco. C6 ton tai hay khéng sé tu
nhién N sao cho néu véi moi I' = (f{s--»f}), trong do f! = f; mod JN véi
i=1,....rthi

MO:a (I, ™) =A0:4 (I',J™))

v6i moi n=0?

Két qua chinh ma chung ta thu dudc 1a dinh 1y sau day.

Dinh ly Cho (R, m) la vanh Noether dia phuong va A la R-médun
doi Cohen-Macaulay véi NdimA =d. Xét I = (f1,...,f») la idéan clia R
sinh bdi day A-doi chinh quy fi,...,fr. Gid st J la idéan ctlia R sao cho
AMO:4 J)<oo. Dt A=0:41va

N=r'(J,A)+2,

trong do, r'(J,A) la s6 mu rit gon ciia J lién két véi A. Gid siz fi="fi+ei,
Vi €; la phan ti bt ki trong JN, véi moi i=1,...,rva I' = (f1,-- ). Khi
do,

MO:a (I, ™) = A0:4 (I',J™))
vt moi n = 0.

Huéng cubi cing ma ching t6i nghién ciu 1a chi s6 chinh quy cia
16p idéan khit lién két v6i do thi. Khai niém idéan khit lién két véi do
thi dugc giéi thiéu béi Anwar va Khalid [4]. Cho G =(V,E) 1a d6 thi hitu
han, don, lién thong v6i V = {vy,...,v,,} 1a tap dinh va E la tap canh cua
né. Bdc cia mot dinh v; 1a sé canh di qua dinh d6, dugc ki hiéu béi
deg(v;). Pinh tréi cta G 1a dinh cé bac 16n nhat. Pinh ¢ ldp cta G la
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dinh c6 bac bang khéng. Cau héi tu nhién dit ra: "Sé dinh tréi can bé
di mét cdch dé quy dé thu dudc cdc do thi con khong chita dinh cé lip la
bao nhiéu?”. Anwar va Khalid [4] da gidi thiéu phuong phap dé tra 10i
cho cau hoi trén va dude goi la phuwong phap DVE (Dominating Vertex
Elimination Method). Ap dung phuong phap DVE dé quy ching ta thu

dugc day lién tiép cac do thi con ctia G ¢6 dang
G=Gy>oG1>---2G,. (2)

S6 nguyén r 16n nhéat trong day dudc goi 1a chi sé 6n dinh bdc
(Graphical Degree Stability) ctia do thi G. Néu d6 thi G c6 chi s6 on
dinh bac 14 r, thi m6i do thi con G;(i =1,...,r) trong day (2) c6 tap dinh
V; ={v1,...,un_;} dudc danh nhan lai saocho d>--->d,_; v6i d; = deg(v;).
Gia st R = klxy,...,x,] 12 vanh da thic n bién trén trudng %, chung ta
dinh nghia idéan day (sequential ideal) ciia G; 1a Q¢; = (x‘lll, ...,xzf‘ii) vii1
1=0,...,r. Khi d6, idéan khiz caa G dudc xac dinh nhu sau
Ip(G) = ﬁ(}QGi-

i
Mot idéan khit 14 idéan kiéu Borel. Chi s6 chinh quy cta idéan kiéu
Borel dudc nghién ciu trong [3], 4], 9]. Anwar va Khalid [4] da thiét 1lap
cac chan t6 hgp cho chi s6 chinh quy cta idéan khi lién két véi mot
s0 16p do thi nhu d6 thi day di, do thi hinh sao, d6 thi dudng, do thi
chu trinh, d6 thi hinh quat, do thi ban be, do thi bong tuyét, do thi hai
thanh phan day da. St dung phuong phap cia Anwar va Khalid [4],
ching t6i nghién ciu chi s6 chinh quy ctia idéan khit lién két véi mot s6
16p do thi phiic tap va téng quat hon. Ching ta thu dude mot sb6 két qua
sau.

Pinh ly Gid st T la d6 thi nong noc véi m = 3,n = 2. Khi do,

regUp(Tmp))<=m+n+1.

Pinh ly 4.2.11| Gid stz D™ la d6 thi cbi xay gié Ha Lan véi n = 3 va
m = 2. Khi dé,

reg(Ip(D™)) < (n + m.

Pinh 1y 4.2.18Gid st W™ la do thi cbi xay gié vdi n =3 va m = 2. Khi
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ds,
reg(Ip(W™)) < m(n - 1)2.

Dinh ly Gid st G la do thi n-ta véi n = 3. Khi dé,
reg(Ip(@) <2(n—-1)% + 1.

Phuong phap chinh ma ching ta st dung la xay dung cac idéan day
ctia cac do thi con trong day (2) tng véi cac do thi 6 cac Pinh ly
Dinh ly 4.2.17], Pinh ly [4.2.18, Dinh 1y 4.2.25] Sau d¢, ta chiing minh
cac idéan day nay 1a 6n dinh (xem Dinh nghia va ap dung [16),
Proposition 1.2] dé thiét 1ap cac chén trén cho chi s6 chinh quy cta céc
idéan khtt tuong tng.

Ngoai phan mé dau va két luan, luan an dugc chia 1am bén chuong.

Trong Chudng 1, ching t6i trinh bay lai cac khai niém va tinh chat co
ban ve chi s6 chinh quy Castelnuovo-Mumford, ham Hilbert ctia vanh
phan bac, ham Hilbert-Samuel va cac hé sé6 Hilbert-Samuel, phan ti
siéu bé mat va mot s6 tinh chat, bac mé rong va bac dong diéu, ham
Hilbert-Samuel d6i ngau lién két v6i modun Artin, 1am co ¢d cho viéc
trinh bay két qua chinh ctia luan an & cac chuong tiép theo.

Trong Chuong 2, chung t6i chiing minh tinh khong dudng cua cac hé
s6 Hilbert ctia idéan m-nguyén so véi mot s6 dieu kién cta dai luong
o(J) Pinh 1y Pinh ly va thiét 1ap céc chan cho cac hé sb
Hilbert es(Q),...,e4(Q) cha idéan tham s6 @ theo hé sé6 Chern e1(Q) va
chiéu dimR véi gia thiét depth(R) = dimR — 1 (Pinh 1y [2.2.4).

Trong Chudng 3, ching t6i thiét 1ap chén tuyén tinh cho chi s6 nhiéu
Hilbert N(I,J) theo bac mé rong hdeg(J,R/I) (Pinh ly va ching
minh su bao toan ctia ham Hilbert-Samuel d6i ngiu cta idéan lién két
v6i modun d6i Cohen-Macaulay (Pinh Iy .

Trong Chuong 4, ching t6i trinh bay cac khai niém co ban vé ly
thuyét d6 thi can dung dé dinh nghia idéan khi lién két véi do thi,
phuong phap DVE, chi s6 6n dinh béc cta d6 thi. Tu d6, chung t6i tinh
toan chi sb6 6n dinh bac ctia mot s6 16p d6 thi va thiét lap chan cho chi
s6 chinh quy ctia idéan khit lién két véi do thi nong noc (tadpole) (Pinh
ly [4.2.5), @6 thi cbi xay gié Ha Lan (Dutch windmill) (Pinh 1y [4.2.11),
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dd thi cbi xay gi6 (windmill) Pinh 1y 4.2.18) va d6 thi n-ta (n-barbell)
(Dinh ly 4.2.25).
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Chuong 1

Cac kién thic chuén bi

Trong chuong nay, ching ta sé nhic lai cac kién thiic co sé vé chi
s6 chinh quy Castelnuovo-Mumford ctia moédun phan bac, ham Hilbert,
ham Hilbert-Samuel, hé s6 Hilbert-Samuel, phan tit siéu bé mat, hé
tham s6 chuén tic, bac dong diéu va ham Hilbert-Samuel dbi ngiu lién
két v6i médun Artin, 1am co ¢d cho viéc trinh bay két qua chinh cta

luan an 6 cac chudng tiép theo.

1.1 Chi s6 chinh quy Castelnuovo-Mumford

Ta ludn gia st S = @ S, 1a dai s6 phan bac chudn trén vanh dia
i=0
phuong Artin Sg va S, = @ S,,. Cho E la S-médun phan bac htru han
>0
sinh chiéu d. Ta ki hiéu Hé+(E) 12 modun d6i dong diéu dia phuong thi
i cua E véi gia S, (xem dinh nghia va céc tinh chat trong [6]).
T [6, Proposition 15.1.5], ton tai s6 nguyén r sao cho Hfg+(E)n =0 vii
moi i >0 va moin=>r, do do ta dat
@ | M H. (E), #0} néu H. (E)#0,
a: — + ) >+
’ —co néu HY (E)=0.
Pinh nghia 1.1.1. Chi sé chinh quy Castelnuovo-Mumford (ngan gon
hon goi 1a chi sb chinh quy) cta E, ki hiéu reg(E), 1a s6 dudc xac dinh
reg(E) :=max{a;(E)+1i | i = 0}.
Néu S 13 mot dai s6 phan bac chuén trén trudng £ thi S c6 thé dudc
biéu dién duéi dang S := R/I, trong d6 R = k£[X] 14 vanh da thic trén
truong k va I 1a idéan thuan nhat ctia R. Khi d6, E c6 thé xem nhu mot
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modun trén R. Theo dinh 1y xoan cta Hilbert, ton tai giai thic tu do toi
tiéu phan bac ctia E c6 dang

ﬁq ,Bq—l Bo
0—»@R(—dqj)—» R(-d-1);) — - — @PR(-dy;) — E — 0,
j=1 =1 j=1

J
trong do6 d;; la bac cua cac phan t& trong moét hé sinh t6i tiéu thuan
nhat ctia modun xoan thi i. Eisenbud va Goto [15] da thiét 1ap méi lién
hé gitta cac sb d; j va chi s6 chinh quy nhu sau.

Pinh ly 1.1.2 ([15], Proposition 1.1 va Theorem 1.2]). Gid s S = R/I véi
R la vanh da thic trén truong k va I la idéan thudn nhét cia R. Khi dé

reg(E)=max{d;;—i|i=0,..,qva j=1,..,6;}

Trong truong hop nay, Pinh ly chi ra rang reg(E) 12 mét chin
trén cho tat ca cac bac sinh ctia cac moédun xoan cua E. Pay 1a méot y
nghia rat quan trong ctia chi s6 chinh quy Castelnuovo-Mumford. Ta
biét rang bac cuc dai ctia mot hé sinh t6i ti€u thuan nhit cta E 1a mot
bat bién, ki hiéu d(E). Pinh 1y sau day cho ta mét chan trén cta bat
bién nay.

Pinh ly 1.1.3 ([6, Theorem 15.3.1]). Gid s& S = R/I vdi R la vanh da
thiic trén truong k va I la idéan thudn nhdt cia R. Khi d6

d(E) <reg(E).

Vidu 1.1.4. Cho vanh R = k[x,y,z] va I = (x?2,xyz,y2%). Stt dung Macaulay
2, giai thic tu do toi tiéu cta R/I dudc xac dinh nhu sau

0—Fy=R(-4)oR(-8) 2 F1 =R(-3)2e R(-T) 1L Fy =R = R(0) 2% R/T — 0.

Suy ra reg(R/I)=6.

1.2 Ham Hilbert, ham Hilbert-Samuel va chi s6 chinh quy

1.2.1 Ham Hilbert va hé sé Hilbert cia médun phan bac

Trong phan nay, S = @ S, 14 vanh phan bac Noether véi Sy 1a vanh
1=0
dia phuong Artin. Gia st E = @ E, la mo6dun phan bac htru han sinh

nez
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chiéu d. Ta biét rang v6i mdi n € Z, E,, 12 Sg-mddun va ME,) < oo, trong

do6 A(e) la d6 dai cua Sp-modun.

Dinh nghia 1.2.1. Ham Hilbert cia médun phan bac E 14 ham s6 hoc
Hp : 7 — 7 dudc xac dinh béi

Néu E 1a S-médun phan bac hitu han sinh c6 chiéu d = 1 thi ton tai
mot da thic Pgr(x) € Q[x] c6 bac d —1 sao cho Hg(n) = Pg(n) v6i n du lén.
Pa thiic Pz(x) dudc goi 1a da thite Hilbert cuia E va dude viét dudi dang

d-1 -

: x+d—-i-1

Pg(x) = i;o(_l)lei(E)( dei_1 ),

trong do, e;(E) 1a cac sb nguyén véi i =0,...,d —1 va eo(E) > 0, dudc goi 1a
cac hé sé Hilbert caa E. Khi dé, sé béi cia E dudc dinh nghia nhu sau:

eo(E), néud>0
e(F):= )
ME), néud=0.

Néu E 13 médun phan bac Cohen-Macaulay thi e(E) va reg(E) c6 moi

quan hé sau day.

Bo dé 1.2.2 ([31, Lemma 2.2]). Néu E la médun phén bac Cohen-
Macaulay sao cho d(E)<0 thi

reg(E)<e(E)-1,
vdi d(E) la bdc cuc dai ciia mot hé sinh toi tiéu thuan nhat cia E.

Cong thiic lién hé giita da thic Hilbert, ham Hilbert va dbi dong diéu
dia phuong cia médun phan bac dude cho béi dinh ly sau.

Pinh ly 1.2.3 ([7, Theorem 4.3.5]). Véi moi n ta co,

d : :
Hg(n)-Pg(n)= ) (-1)'MHg (E)y). (1.2.1)
i=0

Cong thuec (1.2.1) dudc goi 1a cong thiic Serre.

Néu m = reg(E) thi theo dinh nghia cta chi sb chinh quy Hfg+(E)n =0
v6i moi n = m + 1. Tu Dinh ly ta co hé qua sau day.
Hé qua 1.2.4. Hg(n) = Pg(n) véi moi n =reg(E)+ 1.
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1.2.2 Vanh va médun phan bac lién két

Cho (R, m) la vanh Noether dia phuong, J la idéan m-nguyén so va M
la R-mo6dun httu han sinh. Ta ki hiéu
Gy(M)=PJ"M/J""M,

n=0
dudc goi 14 médun phdn bdac lién két cia M dng véi J. Péc biét, G(J) :=
G(R) 1a vanh phan bac chuan trén vanh dia phuong Artin R/J va dudc
goi 14 vanh phdn bdc lién két ctia R dng véi J. Do MJ"M/J" 1 M) < oo
v6i moi n = 0, theo tinh chat ctia d6 dai médun

n . .
AMM/IT M) =Y MI*MIT™ M) < oo,
i=0

chung ta cé dinh nghia sau.

Dinh nghia 1.2.5. Ham Hilbert-Samuel ctia M tng vdi J 1a ham s6 hoc
dudc xac dinh nhu sau

Hyy: 27 — N

AM/J"* M) néun=0,
n — Hyyn)= )
0 néu n < 0.

Samuel da ching minh ton tai mét da thiic P m(x) € Qlx] c6 bac d =
dim(M) sao cho Hjy(n)=Pjpy(n) v6i moi n > 0. Da thic P y(x) dudc
goi l1a da thiic Hilbert-Samuel ciia M ing vdi J va dude biéu dién duéi
dang

d , _;
Py y(x)= Z(—l)lei(J,M)(erd , l).
i=0 d—1i

Cac s6 nguyeén e;(J, M) dudc goi 1a hé sé6 Hilbert-Samuel ciia M tng vdi
J. Dac biét, e(J, M) := eo(J, M) dudc goi 1a sb boi Hilbert-Samuel ciia M
ung véi J va e1(J,M) dudc goi 1a hé sé6 Chern ciia M ung vdi J. Khi
M =R, chung ta sé ki hiéu e;(J) :=e(J,R).

Pinh nghia 1.2.6. S6 nguyén ng l6n nhat sao cho Hju(no) #Pgu(no)
dudc goi 1a chi s6 Hilbert cia M ting véi J, ki hiéu n(J, M).

B6 dé sau day cho ta mot chén trén vé chi s6 Hilbert n(J, M).
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B& dé 1.2.7 ([31, Lemma 3.4]). Gid stz (R, m) la vanh Noether dia phuong,
J la idéan m-nguyén sé va M la R-médun hitu han sinh. Khi do,

n(J, M) < reg(G j(M)).

Idéan K < J dudc goi 1a rit gon cta J dng véi M néu ton tai mot sb
nguyén khéng am n sao cho J**1M = KJ"M. Mot riat gon K cta J dng
v6i M dude goi 1a rit gon téi tiéu néu né khong thuc su chita mot rit
gon nao khac ctia J. Néu K 1a rat gon tdi tiéu caa J dng véi M thi sb

ma rut gon cua J ung véi M déi véi K dude dinh nghia la
rg(I,M)=min{n >0 | J""'M = KJ"M}.
S6 ma rut gon ciia J Gng véi M la
r(J,M)=min{rg(I,M) =0 | K 1a rat gon t6i tiéu cta J @ng véi M}.
B6 dé sau chi ra méi quan hé giita chi s6 rut gon ctia J va chi s6 chinh
quy cua G(J).
B& dé 1.2.8 ([65, Proposition 3.21). Gid s K la mét rit gon téi tidu clia

J. Khi do,
aq(G(J)+d < rg(J) <reg(G(J)).

1.3 Phan ti& siéu bé mat

Gia st (R,m) la vanh Noether dia phuong, J la idéan cia R va M
12 R-m6dun hitu han sinh. Trong phan nay, ching ta sé nhic lai khai
niém phan t siéu bé mat va cac tinh chat quan trong ctia né, dudc ap
dung trong cac chuong tiép theo.

Pinh nghia 1.3.1. Cho (R,m) la vanh Noether dia phuong, J la idéan
cia R va M 1a R-médun hitu han sinh. Phan t& x € J\mJ dudc goi 14

siéu bé mdt ctia M tng v6i J néu ton tai ¢ € N sao cho
(J"M:x)nJJM=J" M

v6i moi n > ¢. Day céac phan ti x1,...,x, € J\mdJ dudc goi 1a day siéu bé

mdt caa M tng véi J néu x; 13 phan t& siéu bé mat cia M dng véi

JNx1,...,x;_1) véimoii=1,...,r.
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Nhan xét 1.3.2. Luu y ring, phan ti siéu bé mit ¢ Dinh nghia [1.3.1

khong phai ludn ton tai. Tuy nhién, néu R c6é truong thang du vé6 han
thi né ludn ton tai (xem [70, p.288, Remarks about lemma 5(2)]). D&
vuot qua han ché nay, khi can thiét, ta dung mé réong phang trung
thanh R[XIwrix] (R[X]11a vanh da thic). Do d6, ta ludén c6 thé gia st R
¢6 trudng thing du v han va khi d6 phan t& bé mat ludn ton tai.

Chung ta trinh bay bé dé sau thuong dude s dung.

Bé dé 1.3.3. Cho (R,m) la vanh Noether dia phuong va M la R-médun
hitu han sinh. Gid st x € J\md la phan ti siéu bé mdt ciia M ing véi J.
Khi do, véi n >0 ta co

() xMNnJ"M = xJ" 1 M;

(ii) J"IM :x = J"M + (0 :p1 x);

(111) O :prx)NJ™"M = 0.

Chung minh. (i) Xem [66, Lemma 4.4].
(11) Xem [31, Lemma 3.1].
(1i1) Xem [66, Lemma 4.6]. [

T B6 dé|1.3.3] ta thu dude hé qua sau.

Hé qua 1.3.4. Cho (R,m) la vanh Noether dia phuong va M la R-médun
hitu han sinh. Gid stz x € J\mdJ la phan ti siéu bé mat cia M ung véi .
Khi do, véi n>0

JIM :x/ "M = (0 2 x).

Phan ti siéu bé mat 1a cong cu quan trong cho phép ching ta nghién
citu ham Hilbert-Samuel va cac hé s6 Hilbert-Samuel, né hitu ich trong

phép chiing minh quy nap tit chiéu mét dén chiéu cao hon.

Bé dé 1.3.5 ([52, Proposition 1.2]). Cho (R,m) la vanh Noether dia
phuong, J la idéan m-nguyén so cua R va M la R-moédun hitu han sinh
chiéu d = 1. Néu x € J\md la phan ti siéu bé mat clia M tng véi J va
M = M/xM thi

() dimM =d -1 va A0 :4 x) < oo;

(i) e;j(J,M) =e;(J,M) véi moi i =0,...,d — 2;

(i) eg_1(J, M) = eg_1(J, M)+ (=1) (0 :31 x).
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1.4 Hé tham s6 chuin tac

Gia st (R, m) la vanh Noether dia phuong va M la R-mo6dun hitu han
sinh. V6i méi idéan tham sb @ ciia M, ta c6 MM/QM)—-e(Q,M) = 0. Pat

I(Q,M) = MM/QM) - e(@,M)

va
I(M) = suplI(Q,M)|Q 1a idéan tham sb ctia M}
dudc goi 1a bdt bién Buchsbaum cia M.
Pinh nghia 1.4.1. M6t R-moédun M dudc goi la Cohen-Macaulay suy
réng néu I(M) < co. Vanh R dudc goi 1a Cohen-Macaulay suy rong néu
no la R-modun Cohen-Macaulay suy rong.
Chung ta c6 thé dac trung ve tinh Cohen-Macaulay suy rong ctia mot

modun dua vao cac médun dbi dong diéu dia phuong véi gia m.
Tinh chat 1.4.2 ([2, (3.3) va (3.7)]). R-médun M la Cohen-Macaulay
suy rong khi va chi khi M(HL (M)) < co véi moi i =0,...,dimM -1, trong dé
H. (M) la médun déi dong dieu dia phuong ciia M vdi gid m. Hon nifa,

lag-1y

IM)=) i MHL (M)).

i=0
Pinh nghia 1.4.3. Gia st J la idéan bat ki ctia R, day cac phan ti
fi,.... fr dudc goi 1a M-day J-loc chinh quy néu

fi & p v6i moi p € Ass(M/(fy, ..., fi-)M\V(J)

v6i moi i = 1,...,r. Pac biét, khi J la idéan m-nguyén so thi ta néi f1,..., />

la day M-loc chinh quy.

Néu M 1a R-médun hitu han sinh va J 1a idéan ctia vanh Noether dia
phuong (R, m), ta dinh nghia dé dai J-Loewy cia M

aj(M):=inf{n | J"M = 0}.

Chung ta trinh bay mot s6 tiéu chuén tuong duong ve phan ti loc chinh
quy.
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Bé dé 1.4.4. Cho (R,m) la vanh Noether dia phuong va M la R-moédun
hitu han sinh. Khi do, cdc phdt biéu sau la tuong duong:
@) f1,....fr la M-day J-loc chinh quy;

(i) o (L=t BE) < o0 v6i moi i =1,...,75

(111) (fl,...,fi_l)M : fi - Ul(fl,...,fi_l)M :J™ V6L m()i 1= 1,...,7‘.
n=
Chung minh. Tuong tu chiing minh [65, Lemma 2.1]. ]

St dung khai niém day M-loc chinh quy, ching ta cé thé dua ra dic

trung khac cho modun Cohen-Macaulay suy rong.

Bé dé 1.4.5 ([2, (3.3)]). M la R-médun Cohen-Macaulay suy rong khi

va chi khi moi hé tham sb x1,...,xq cia M la day M-loc chinh quy.

Ching ta biét rang,
I(Q,M)=<1(M)

v6i moi idéan tham s6 @ ctia M. Khi diu bang xay ra, ching ta c6 dinh

nghia sau.

Dinh nghia 1.4.6 ([64, Theorem 2.1]). Idéan tham s6 @ ctia médun
Cohen-Macaulay suy rong M dudc goi 1a idéan tham sb chudn caa M
néu I(Q,M) = I(M).

Néu M 1a R-mbdun Cohen-Macaulay suy rong, theo [64, Proposition

2.10] ta luén chon dudc hé tham sb chuén tic chita trong m? véi ¢ > 0.

Hé qua 1.4.7. Gid siz M la R-médun Cohen-Macaulay suy réng, néu
Q cm! véi ¢t = I(M) thi Q la idéan tham sb chudn tdc.

1.5 Bac dong diéu

Pé mo ta do phiic tap ctia cau tric cac vanh va médun khong Cohen-
Macaulay, Vasconcelos et al. [67] da dua ra khai niém bac mé rong Ging
v6i idéan cuc dai. Sau do6, Linh [31] da mé rong khai niém nay cho 16p
idéan m-nguyén sd. Ki hiéu #(R) la pham tru cac R-médun htru han

sinh.
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DPinh nghia 1.5.1. Bdc md réng trén .4 (R) ing v6i idéan m-nguyén so
J 1a ham sb hoc D(J,e) sao cho v6i moi modun M, cac tinh chat sau

dang.

(i) D(J,M)=D(J,M/L)+ ML) v6i L la m6dun con cuc dai caa M c6 do
dai hitu han;

(ii) D(J,M) = D(J,M/xM) véi x 1a phan t& tong quat ciia M Gng véi J;
(iii) D(J,M) = e(J,M) néu M 13 médun Cohen-Macaulay.

Néu J =m thi D(J,M) = D(M), trung véi bac mé rong ctia Vasconcelos
[67] dinh nghia ban dau.
Mot vi du mau muc vé bac mé roéng 1a bdc dong diéu, dude dinh nghia

nhu sau: véi méi j € 7, dat
M; = Homg (H}(M), E),

trong d6 E = Egr(R/m) 14 bao noi xa ciia R/m. Khi d6, theo Pinh 1y d6i
ngau Matlis M, 12 R-modun hitu han sinh véi chiéu dim M, < j. V6i mbi
R-mo6dun hitu han sinh M chiéu dim M = s va mdi idéan m-nguyén sc J
cta R, bdc déng diéu hdeg(J, M) cia M tng véi J dudce dinh nghia theo
quy nap nhu sau:

M) néu s <0;
hdeg(J,M) = s=1fg—1 <
8 e, M)+ Y (S , )hdeg(J,Mi) néu s > 0.
i=0\ !
Bac dong diéu ctia médun M tng véi idéan m-nguyén so J dudc gidi
thiéu béi [31], mot khai niém téng quat cta khai niém bac dong diéu

hdeg(M) da dudc dinh nghia truée do béi [67]; tic 1a,
hdeg(m, M) = hdeg(M).

Gia st R 1a anh dong ciu ctia vanh Gorenstein S v6i dimS =n va M €
M(R) v6i dimM = d, khi d6 bac dong diéu cia M ting véi J duge dinh

nghia theo mot cach khac nhu sau.

M) néu d <0;
hdeg(J, M) = d-1(q -1 : 4
8 e(J, M)+ Y ( , )hdeg(J,Extg_l(M,S)) néu d > 0.
i=0\ !
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Ching ta c6 thé kiém tra hdeg(J, M) 1a mot bac mé rong ctia M dng véi
J (xem [67] cho truong hop J = m). Truong hop dac biét, khi M 1a modun
Cohen-Macaulay suy rong thi

<a-1y
hdeg(J, M) = e(J,M) + } . ( i )A(an(M)).
i=0

1.6 Ham Hilbert-Samuel d6i ngiu lién két véi moédun Artin

Gia st (R,m) la vanh Noether dia phuong va A la R-mo6dun Artin.
Chung ta da quen thudc véi khai niém chiéu Krull cia médun hitu han
sinh. P6i v6i moédun Artin, Robert [50] da xay dung khai niém chiéu
Krull cia médun Artin, dé tranh nham 1an véi khai niém chiéu Krull
ctia médun hitu han sinh, Kirby [30] da d6i tén goi thanh chiéu Noether

cua modun Artin.

DPinh nghia 1.6.1 ([50, Proposition 2]). Gia st (R,m) la vanh Noether
dia phuong va A 1a R-médun Artin. Khi d6, chiéu Noether ciia A dudc
dinh nghia

Ndim(A) =inf{t =0 | ton tai x1,...,4; € m sao cho A(0:4 (x1,...,x4)) < o0}.
Tu Pinh nghia[1.6.1], ta c6

Pinh nghia 1.6.2. Gia st (R,m) 1la vanh Noether dia phuong va A la
R-mo6dun Artin v6i Ndim(A) = d. Day x1,...,xqg < m dudc goi 1la hé tham sb
ctia A néu MO :4 (x1,...,xq)) < co. Idéan sinh béi hé tham s6 cta A dude

goi la idéan tham so cua A.

Gia st J la mot idéan cta R sao cho A(0:4 J) <oco va A la R-modun
Artin. Ham Hilbert-Samuel déi ngqu ciia J lién két véi A dude dinh
nghia nhu sau

H, ,(n):=A0:4 ™).

Theo [29] Proposition 2], ton tai duy nhat da thiic P, ,(x) € Qlx], dudc
goi da thiic Hilbert-Samuel dbéi ngdu ctia J lién két vdi A, bac d = Ndim A
sao cho H', ,(n) =P/, ,(n) v6i n > 0 va theo [45] Section 3] da thic nay
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dudc viét dudi dang

d ) 3
P:]’A(x):Z(—l)le’i(J,A)(erd L).
i=0

d—1i
Cac sb nguyén ei(I,A) dugc goi la hé s6 Hilbert-Samuel déi ngdu cia J
lién két véi A, e'(J,A):= eo(J,A) goi la s6 boi dbi ngdu ciia J lién két véi
A.

Pé nghién citu khai niém d6i ngiu cta d6 sdu moédun hitu han sinh,
Ooishi [43] da dua ra khai niém phan t& doi chinh quy.
Dinh nghia 1.6.3. Phan tit x € R dudc goi 1a A-doi chinh quy néu xA =
A, ttc 1a dong cAu nhan x: A — A 1a toan cau. Mot day cac phan ti
x1,...,%r cia R dudc goi 1a day A-déi chinh quy néu (0:4 (x1,...,x,)) #0 va

véimoii=1,..,r,

(0:4 (1,000 2i-1)) = (024 (X100, %i-1))
14 cac toan cau.
Pinh nghia 1.6.4. D) rong cia médun A, ki hiéu Width(A) 1a do dai
16n nhat cta day A-doi chinh quy.
Nhan xét 1.6.5. Gia st (R,m) la vanh Noether dia phuong va A 1a R-
modun Artin.

(i) Néu A 142 R-médun hitu han sinh thi Width(A) = 0 ([43, Proposition
3.3)).

(ii) Width(A) =inf{n = 0 | TorZ(A,%) # 0} < co ([43}, Corollary 3.71).

B6 dé sau day chi ra moi lién hé gitta chiéu Noether va do rong ctaa
moédun Artin. Pay 12 cach nhin d6i ngau ctia moéi lién hé gitta chiéu
Krull va do sdu cia m6dun httu han sinh.

B6 dé 1.6.6 ([62, Lemma 2.11]). Gia s (R,m) la vanh Noether dia
phuong va A la R-médun Artin. Khi do,

WidthA < NdimA.

Trong trudng hop diu bang ctia bat ding thic xay ra, ching ta c¢é
khai niém d6i ngiu ctia médun Cohen-Macaulay.

26



Dinh nghia 1.6.7. R-modun Artin A dudc goi 1a dbi Cohen-Macaulay
néu WidthA = Ndim A.

C6 thé dung day déi chinh quy dé dic trung cho modun déi Cohen-

Macaulay nhu sau.

Tinh chét 1.6.8 ([62, Proposition 2.15 va Lemma 2.2 (ii)]). Médun
Artin A la dbi Cohen-Macaulay néu va chi néu moi hé tham sé cla
A la day A-dbi chinh quy.

Idéan K < J dudc goi 1a rit gon cia J lién két véi A néu ton tai sb
s €N sao cho
0:4 571 =0:4 KJ°.

Néu K 1a mét rat gon cta J lién két véi A va khong chita mot rit gon
thuc su nao cta J lién két véi A thi K dudc goi 1a rit gon tbi tiéu cia J
lién két véi A. Néu K 1a rat gon toi tiéu cta J lién két véi A thi sbé mi
rit gon cia J ung véi K lién két véi A, ki hiéu re(J,A), dudc xac dinh
nhu sau:

rie(J,A)=min{n | 0:4 KJ" =0:4 J"*}.

S6 ma rut gon ciia J lién két véi A 1a sb6 dude xac dinh nhu sau:
r'(J,A) :=min{ri(J,A) | K 12 rtt gon tbi tiéu cta J lién két véi A}.
Chung ta trinh bay b6 dé Nakayama ctia médun Artin.

B4 dé 1.6.9 ([29, Proposition 5]). Cho (R, m) la vanh Noether dia phuong.
Khi do, J cm khi va chi khi A = oLcj 0:4 J™ v6i moi R-médun Artin A.

n=0
Tu B6 dé(1.6.9] ta c6

Hé qua 1.6.10 ([56, Lemma 3.2]). Cho (R,m) la vanh Noether dia phuong

va A la R-moédun Artin. Gia su J,K la cac idéan cua R sao cho
0:4Jm)NO0:4 K)S(0:4 ).

Khi do,
0:aK)S(0:4 ).
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Chuong 2

Chin cho cac hé s6 Hilbert

Trong chuong nay, cho (R, m) 1a vanh Noether dia phuong chiéu d > 0
va J 1a idéan m-nguyén so ciia R. Elias [17] da ching minh depth(G(J%))
12 hing sb6 khi £ > 0, ki hiéu hing sb nay béi o(J). Muc dich chinh
ctia chuong nay 1a chiing minh tinh khong duong cta cac hé s6 Hilbert
ei(J),v6i mot s6 diéu kién cia o(J). Trong trusng hop J = @ 1a idéan
tham s0, chung toi sé thiét 1ap cac chan cho cac hé s6 Hilbert ¢;(Q)
(i =2,...,d) theo chiéu va hé s6 Chern e1(Q), khong phu thudc sbé boi
e(®). Noi dung ctia chuong nay dudc viét dua trén bai bao [33].

2.1 DAu cac hé sé Hilbert ctia idéan m-nguyén so

Nhu chung ta da giéi thiéu trong Chuong 1, ham Hilbert-Samuel
caa J, Hy(n) = M(A/J"*1) 12 mot da thic Py(n), goi 1a da thitc Hilbert-
Samuel, bac d v6i cac hé s6 thude Q, khi n da 16n. Pa thic nay dudce viét
dudi dang

d .
Pj(n)=) (-1)

(n+d—i
1=0

i(J).
d )e (J)
Cac sb6 nguyén e;(J) dudc goi la cac hé s6 Hilbert cia J, dic biét e(J) :=
eo(J) dudc goi 1a so boi ctia J va ei(J) dude goi 1a hé s6 Chern caa J.

Chi s6 Hilbert cta J, ki hiéu n(J), 1a s6 nguyén dudc xac dinh nhu sau
n(J)=max{n | H; (n) # P j(n)}.

Bé dé 2.1.1. Gid sz (R,m) la vanh Noether dia phuong chiéu d va J la
idéan m-nguyén so ciia R. Xét x € J\md la phan ti siéu bé mdt cia J.
Dt R =R/(x) and J = JR. Khi do,
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(1) n(J) < reg(G(J));
(i) reg(G(J)) < reg(G()));
(i) J* L /™ = (0 : x) VGi n > reg(G(J)).

Chung minh. (i) Pudc suy ra tu [32, Lemma 2.1 va Lemma 2.2] hoac
Bo dé[1.2.7
(ii) Cho x* 1a dang khéi dau caa x trong G(J). Khi dé,

reg(G(J)/(x™)) < reg(G(J)). (2.1.1)

Mat khac, ton tai mot toan cau phan bac tit G(J)/(x*) vao G(J) véi hat
nhan cta toan ciu nay la
K=@U" " +xnd NI +xJ" .
n=0
Vi x 1a phan ti siéu bé mét ctiia J nén xnJ"*! = xJ” véi n > 0. Do dé,

K, =0v6in> 0. Hay K 1a mo6dun c6 do dai httu han. Suy ra

reg(G(J)) < reg(G(J)/(x*)) (2.1.2)
T va (2.1.2), ta thu dudc bat dang thiic
reg(G(J)) <reg(G(J)).

(iii) Tu day khép
0— J" 1 x/J” — RIJ" 5 RIJV — RIJ™ L, x) — 0,
ta co

AT /™) = MRIT™) — MRIT™ ) + ART™)
= ART" = AT,

Mt khac, J*1:x/J"” =(0:x) v6i n > 0. Do d6, tit (i) va (ii), suy ra
n(J) < reg(G(T) va n(J) < reg(GLJ)).

Vay
JVLx/d" = (0:x) V6imoi n>reg(G(J)).
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Theo [17, Proposition 2.2], Elias da ching minh o j(%) = depth(G(J*))
12 hang s6 khi & > 0 va dugdc ki hiéu 1a o(J). Tu [25, Lemma 2.4],

ai(G(I") <[a;(G(VE] v6i isd va k=1,
trong do [a]l =max{m e Z | m <a}. Do d6
ai(G(J*)=<0 véimoi i<d va k>0 (2.1.3)
Theo [17, Proposition 2.2], ta co6
o(J) = depth(G(J)) (2.1.4)
B6 dé sau, ching ta chi ra diéu kién dé€ o(J) 1a s6 nguyén duong.

Bé dé 2.1.2. Gid stz (R, m) la vanh Noether dia phuong chieu d =1 va J
la idéan m-nguyén so ctia R. Néu depth(R) =1 thi o(J) = 1.

Chiing minh. Theo (2.1.3), ta c6 a;(G(J*)) < 0 véi k > 0. Tit [26, Theorem
5.2], ao(G(J*)) < a1(G(J*)) < 0. Do d6, HY, Jk)+(G(Jk)) =0 v6i k> 0. Suy ra
o (J) = depth(G(J%)) = 1 v6i moi % > 0. O

Trong truong hop J la idéan tham sb6 ctia R, Linh [32, Proposition
3.5] da ching minh néu o(J) = d -2 thi ey(J) < 0. Néu J la idéan m-
nguyén sd, ching ta thu dude dinh ly sau 14 mét su tong quat caa [32,
Proposition 3.5].

Dinh 1y 2.1.3. Gid siz (R,m) la vanh Noether dia phuong chiéu d =2 va
depth(R)=d —1. Cho J la idéan m-nguyén so cua R sao cho r(J)<d - 1.
Néu o(J)=d -2 thi eq(J) <0.

Chung minh. Véi k>0, dat I = J%. Ki hiéu & = R[It] = ®,-0I" 12 dai sb
Rees ciia R tng véi I va Z, = ®,-0%,. Theo [18, Proposition 2.7], ta c6
eq(J)=eqI). Tu [5, Theorem 4.1] va [5, Theorem 3.8],

(—1%eq(J) = (=1)%e4(I) = P1(0) — H(0)

d . .

= Z(—l)lﬂ(H&J«%’)o)
1=0
d . .

= Z(_l)lA(Hé(I)JrG(I)O)
1=0
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Vi depth(G(I)) = 0(J) =d -2 nén H, . (GUI)) =0 véi i=0,...,d - 3. Mat

G),+
khéc, theo B6 dé ta ¢6 ag(GI))+d < r(I) . Tu [25, Lemma 2.7],
) < ]r(J)Jr;_S(J)[ +s(J)—1= ]r(J);l_d[ +d-1<d-1,

trong do la[=min{m € Z | m = a} va s(J) = dim(G(J)Q R/m) la d0 trai giai
tich caa J. Do do, a4(G(I)) < 0. Hon niia, theo (2.1.3), a;(G(I)) <0 v6i moi
i=0. Ap dung [26, Theorem 5.2], ta c6 ag_o(GU)) < ag_1(GU)) < 0. Suy
ra

(-D%eq() = (D TMHES GIo).

Vay ey(J) = —A(Hg(‘ll)+(G(I))O) <0. O
Theo chitng minh cia DPinh 1y 2.1.3] e4(J) = —A(Hg(‘ll)+(G(I))0). Néu R

la vanh Cohen-Macaulay va o(J)>=d -1 thi ay_1(G(I)) <0. Tu do, chung
ta thu dudc hé qua sau day.

Hé qua 2.1.4. Cho (R,m) la vanh Cohen-Macaulay chiéu d = 2. Gid stz J
la idéan m-nguyén so cia R véi r(J)<d—-1. Néu o(J)=d—1thi eq(J) =0.

Idéan J cta R dudc goi 1a tiém cdn chudn tdc néu ton tai mot sb
nguyén k =1 sao cho J” 1a déng nguyén véi moi n = k. Néu J la idéan
tiém can chuén tac cta R, theo [46, Theorem 7.3], ta c¢6 o(J) = 2. Mafi
va Naderi [38, Theorem 1.5] da chi ra néu R 1a vanh Cohen-Macaulay
chiéu d =4 va J 1a idéan m-nguyén sd tiém can chuén tac sao cho r(J) < 3
thi e4(J) <0. Ap dung Dinh 1y[2.1.3] ching ta thu dudc hé qua sau day.

Hé qua 2.1.5. Cho (R, m) la vanh Noether dia phuong chiéu 4 va depth(R) =
3. Gid st J la idéan m-nguyén so tiém cdn chudn tdc clia R sao cho
r(J)<3. Khi do, eq(J)<0.

Luu ¥ rang, trong gia thiét cia Hé qua vanh R khong nhét thiét
la Cohen-Macaulay. Hé qua ma ching ta thu dudc 14 mé rong két
qua cua [38, Theorem 1.5].

Hé qua 2.1.6. Cho (R, m) la vanh Noether dia phuong chiéu 4 va depth(R) =
3. Gid suz J la idéan m-nguyén so ctia R sao cho r(J) < 2. Néu o(J) =2 thi

ei(J)<0 vdi i=3,4.
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Chiing minh. Tu Pinh 1y 2.1.3] e4(J) < 0.

Khong méat tinh tong quat, gia st truong thing du R/m 1a v6 han
va x; 14 phan t& siéu bé mét caa J. Pat Ry = R/(x1) va J;1 = JR;. Khi
do, dim(R1) = 3, J1 la idéan m-nguyén so cua R; va eg(J) = eg(J1). Vi
depth(R) = 3, depth(R;) = 2. Theo Bé dé o(J1) = 1. Hon nita, r(J7) <
r(J) < 2. Ap dung Pinh 1y [2.1.3] ta ¢6 e3(J) = es(J1) < 0. Hé qua dudc
ching minh. ]

Néu R 1a vanh Cohen-Macaulay chiéu 3 va J la idéan m-nguyén so
cua R sao cho r(J) = 2, Puthenpurakal [47, Theorem 9.1] da chiing minh

es(J) < 0. Chung ta mé rong két qua cia Puthenpurakal qua hé qua sau.

Hé qua 2.1.7. Cho (R,m) la vanh Noether dia phuong chiéu d = 3 va
depth(R) = d — 1. Néu J la idéan m-nguyén so ctia R va r(J) < 2 thi es(J) <
0.

Chiing minh. Tu B6 dé ta c6 o(J) = 1. Néu d = 3, 4p dung Pinh ly
ta thu dudc eg(J) < 0.

Néu d > 3, khéng méat tinh tong quat, gia st R/m 1a vo han va x1, ...,x4_3
la day siéu bé mét cta J. Pat R = R/xy,...,xg_3) va J = JR. Khi d6,
dim(R) = 3, depth(R) = 2 va r(J) < r(J) < 2. Theo B6 dé ta c6 depth(R) >
2, 0(J) = 1. Ap dung Pinh Iy ta ¢6 es(J) < 0. Tt B dé[1.3.5] suy ra
es(J) = e3(J) < 0. O

V6i gia thiét o(J) = d —2, Dinh Iy chi ra tinh khong duong cta
hé s6 Hilbert ey(J). Tuy nhién cac hé s6 Hilbert khac c6 thé duong. Vi
du sau day chi ra ey <0, nhung cac hé s6 Hilbert khac 1a duong.

Vi du 2.1.8. Gid stt R = Qlx,y,2](xyz) Va J = (x3,y3,23 22y + 23, x22, y2z +
x%z,xyz). Khi d6, K = (x°,y%,2%) 12 rat gon t6i tifu cta J va rg(J) =2. St
dung Macaulay 2, ta tinh dudc depth(G(J)) =0 va o(J) = 1. Mat khac,
chudi Hilbert Pg)(t) cia G(J) 1a

h(t
Powyt) =Y MJM " " = ( )3,
n=0 (1-12)

trong d6 A(t)=ag+ai1t+---+as€ Z[t]. Suy ra

h(#) = ag+ait+---+as = (1-3t+3t* = £*)Pg((®).

32



Do do,

aog=MR/J);

a1 = MJ/J?) - 3MR/T);

ag = MJ?/J3) = 3MJ/JI?) + BAR/J);

a; = MJTHT Y = AUT YT+ 3AUT 2T -~ AT 3T 2 véi i = 3.

St dung Macaulay 2, ta c6

ag = 13,&1 = 6,0,2 = 13,0,3 = —6,a4 = 1,a5 =ag=--"= O
Nghia la
h(t) =13 + 6t + 1312 — 613 + t*.
Vay,

eo(J)=h(1)=27;
e1(J)=h'(1) = 18;
"
h"(1) _1.
2!
h(3)(1) ~
31

DPinh Iy sau chi ra tinh khong duong ctia cac hé s6 Hilbert khac.

ea(J) =

e3(J) = 2.

Dinh 1y 2.1.9. Cho (R,m) la vanh Noether dia phuong chiéu d = 3 va
depth(R) =d — 1. Gid st J la idéan m-nguyén so cua R sao cho r(J) < 2.
Néu depth(G(J)) = d — 2 thi

ei(J)<0 vdr i=3,...,d.

Chiing minh. Theo Pinh 1y[2.1.3], ta c¢6 e4(J) < 0. Néu d < 4, khang dinh
dudc suy ra tu Hé qua (2.1.6

Néu d >4, ta can chiing minh ey_;j(J) <0 véi i =1,...,d — 3. Khong méat
tinh tong quat, gia st trudng thang du R/m 1a v6 han va x1,...,x4 la day
siéu bé mat cta J. Véimbdii=1,....d -3, ddt R; = R/(x1,...,x;) va J; = JR;.
Theo gia thiét, ta c6 dim(R;)=d —i, depth(R;)=d —i—1 va r(J;) < r(J) < 2.
Vi depth(G(J)) = d -2, depth(G(J;)) =d —i — 2. Tu (2.1.4), ta c6

o(J;) = depth(G(J;)) =d —i - 2.
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Ap dung Pinh Iy[2.1.3]

eqg_il)=eq_i(J;)<0 v6i i=1,...,d —3.
Vay, ej(J)<0véimoii=3,...,d. N
Nhan xét 2.1.10. Dinh ly 12 su tong quat cac két qua da cé trude

do6 ctia Puthenpurakal [47, Theorem 9.1], Saikia-Saloni [54, Corollary
3.2] va Linh-V. D. Trung [36, Theorem 2.9].

2.2 Chan cho cac hé s6 Hilbert ctia idéan tham sb

Cho (R, m) 1a vanh Noether dia phuong chiéu d va depth(R) = d — 1.
Gia st @ 1a idéan tham s6 ctia R. Trong phan nay, ching ta sé thiét 1ap
chén cho cac hé s6 Hilbert e;(Q),i = 2 theo chiéu va hé s6 Chern ¢1(Q).
B dé 2.2.1. Cho (R,m) la vanh Noether dia phuong chiéu d = 2 va
depth(R) = d — 1. Gid st Q la idéan tham sé ciia R va x la phan ti sidu
bé mdt ctia Q. Khi dé, véi moi n =1, ta cé

n+d-3

AQ™ L x/Q™) < —( g9

)el(Q).
Chitng minh. Gia st @ = (x1,...,x4) Va x = x4 12 phan t siéu bé mit caa
Q.DPat J =(x1,...,x4-1), ta cod
Q" x/Q" = ((xQ" +J"Q) : x)/Q"
=Q"+(J"Q:x))Q"
Z(J"Q :x)(Q" N(J"Q : x)).
ViJ"c@Q"n(J"Q : x),
MQ™ ™ :x/Q™) < MJ™ : x/d™).
Theo [32, Corollary 4.4],

A" 2 /™) < —(”:Z‘_l;S)el(Q).
Suy ra
d-3
MQ™ 1@ = —(”;_ ; )e1<Q>.
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B dé 2.2.2. Cho (R,m) la vanh Noether dia phuong chidu d = 2 va
depth(R) = 1. Gid st J la idéan m-nguyén so ciia R va x la phan ti sidu
bé mdt cia J. Khi do,

(—-D%eq()= Y (HFR)—PHR) - Y MI**1:x/T"),
k=0 k=0

véi r =reg(G(J))+1, R =R/(x) va J = JR.

Chuing minh. Theo [40, Lemma 3.2], ta c6

(—-D%eq() = Y (H5(k)—P5k) — Y AT i xfeT5).

k=0 k=0
Tu B6 dé
n(J) < reg(G(J)) <reg(G(J)) <r va AJ**1:x/J*)=A(0:5 x) =0,
véi k =r. Do do,

(-D%eq()= Y (H7(k)—PHR) — Y MT* 1 /"),
k=0 k=0

[

Linh [32] da thiét 1ap chén cho chi s6 chinh quy ctia vanh phan bac

lién két tng v6i idéan tham s6 theo chiéu va hé s6 Chern e1(Q).

Dinh ly 2.2.3 ([32, Theorem 4.5]). Cho (R, m) la vanh Noether dia phuong
chiéu d =1 va depth(R) =d - 1. Gid stz Q la idéan tham sé ciia R. Khi dé,

reg(G(Q)) < max{-e1(Q)—1,0} néu d =1,
reg(G(Q)) < max{[—4e1(@)]¢ Y +e1(Q)- 1,0} néu d=2.

Pén day ching ta thiét 1ap cac chin cho cac hé s6 Hilbert e;(Q) (i = 2)

theo chiéu va e1(Q), 14 két qua chinh cta phan nay.

Dinh 1y 2.2.4. Cho (R,m) la vanh Noether dia phuong chiéu d =2 va
depth(R) =d - 1. Gid st Q la idéan tham sé ciia R. Khi dé,

le; (@) <3.2°72r e Q)| vdi i=2,...,d,

trong do, r = max{[-4e1(@)1¢ V' +e1(Q)-1,0} + 1.
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Chung minh. Gia st @ = (x1,...,x4). Khong mét tinh téng quat, gia st
truong thang du R/m 14 v6 han. Gia sit x = x4 1& phan ti siéu bé mit caa
Q. Pat R = R/(x) va Q = QR. Theo B§ dé[2.2.9] ta ¢6
(-1)%eq(@) = Z [Hg(k) - Pg(k)] - Z MQF T x/QR)
d-1 (k +d-—

k=0
=Y NRQT - Z< 1)’ ) L(Q)]—ZA(QkH x/Q")
k=0

k+d—2 d-1 kt+d—i-
k;OA(R/Q )—( g )eo(Q)—Z( 1)( g )Z(Q)]
- Z MQFL: x/Q").
k=0

Mat khac, tu [32, Lemma 4.1],

- k+d-2| — k+d-3| —
OSA(R/Qk)—( A )eO(Q)s—( e )el(Q).

Hon niia, ti B6 dé

B+d—3 E+d—3
A(Qk”:x/Qk)s—( " )el(Q)=( " )|€1(Q)|.

d—-2 d—-2
Do do,
" [k+d -3 rod-l(prd—i —
|ed(Q)|<3Z( oy )|e1(Q)|+ZZ( A )|ei(Q>|
k=0 k=01i=2
r+d d- k+d—-i1-2 —
< ( o )|e1(Q)| l:zzk:o( L )|ei(Q)|
r+d d_l r+d-i-1 —
Luuy
r+d—2 d—1 N r+d—i—1 d—i
(d_l)g Va( 0-i-1) o
Do do,

-1
lea(@) < 3.7 Her @)+ Y. r¥ e (@)
i=2
Bang phudng phap quy nap theo chiéu d, ta c6 thé gia st

le; (@) <327 2.r  Ney(@) VoI i=2,..,d-1.
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Mat khéc, e;(Q)=e;j(@) véii=1,...,d —1. Suy ra
le;( @) <8272 r  Ne1(@) =8.2 2.7 e (@) V6i i=2,...,d-1.

Phan con lai ching ta thiét 1ap chan cho e4(Q). That vay, theo gia thiét

quy nap, ta co

d-1 . . .
lea@) <3.r% e1 @)+ Y. r?7.3.2172 1 ey (Q)]
1=2
d-1 .
=3 e @)1+ Y 3.0771.21721e1(Q))
1=2

d-1
= 3.9 e (@) + 3.9 e (@Y 2072)
1=2

=3.r" e (@) +3.r9 e (@).2772 - 1)
=3.2972 74" 1101(Q).

Dinh ly dudc chiing minh. ]

2.3 Két luan Chuong 2

Trong chuong nay, ching t6i da thu dudc mot s6 két qua chinh sau
day:

Trong phan thi nhat, ching t6i chiing minh tinh khong dudng ciia
mot s6 hé s6 Hilbert cia idéan m-nguyén so véi s6 mi rat gon nhé trong
truong hop depthR =dimR -1 (Pinh ly 2.1.3|va Dinh 1y 2.1.9).

Trong phan thd hai, ching téi thiét lap chan trén cho cac hé s
Hilbert ctia idéan tham sb theo hé s6 Chern trong truong hop depthR =
dimR -1 (Pinh 1y 2.2.2).
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Chuong 3

Nhiéu cua idéan trong vanh dia

phuong

Trong chuong nay, cho (R, m) 1a vanh Noether dia phuong chiéu d va J
la idéan ctia R. Gia stt I = (fy,..., f») 1a idéan ctia R sinh béi day cac phan
ta f1,.... fr. Idéan I' = (f],...,f}), trong d6 f/ = f; mod JV v6i N > 0, dugc
goi 1a nhiéu J-adic ctia I. Néu I’ 1a mot nhiéu m-adic cta I thi ta néi I’
12 mot nhiéu bé ciia I. Muc dich chinh ctia chuong nay 1a nghién ciu su
bao toan ctia ham Hilbert ctia R/I tng véi idéan J d6i véi nhiéu J-adic
cta I. Mot cach cu thé, néu J la idéan m-nguyén so ciia vanh Cohen-
Macaulay suy rong R, ching t6i thiét 1ap mot chan tuyén tinh cho chi
s6 nhiéu cta I tng véi J theo bac dong diéu hdeg(J,R/I), két qua nay 1a
mot mé rong két qua caa Quy-V. D. Trung [48]. Hon nita, néu A 1a R-
modun d6i Cohen-Macaulay va J 1a idéan ctia R théa man A(0 :4 J) < oo,
chiing t6i chiing minh su bao toan ctia ham Hilbert-Samuel déi ngiu
ctua J lién két vi A = 0:4 I d6i v6i nhiéu J-adic cta I. Noi dung caa
chuong nay dudc viét dua trén cac bai bao [35] va [60].

3.1 Chin tuyén tinh cho chi s6 nhiéu Hilbert

Cho (R,m) la vanh Noether dia phuong chiéu d va J la idéan m-
nguyén so cua R. Gia su f1,...,f» la day loc chinh quy va I = (f4,...,f»).
Nhu da giéi thiéu trong phan mé dau, chi sbé nhiéu cia I #ng vdi J la

s0 nguyén bé nhat N(I,J) sao cho véi moi idéan I’ = (f4, ..., /), trong dé6
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fl=fi modJ® véii=1,..,r thi
MR/ +J™) = MRII' +J™))

v6i moi n = 0. Trong phan nay, ching t6i sé thiét lap chan tuyén tinh
cho chi s6 nhiéu Hilbert N(I,J) theo bac mé rong hdeg(J,R/I). Két qua
ma ching t6i thu dudc 14 mot mé rong két qua ctia Quy-V. D. Trung [48]
cho 16p idéan m-nguyén sd. Noi dung ctia phan nay dudc viét dua theo
bai bao [35].

Ki hiéu v(J) 1a sb6 phan t sinh t6i ti€u cta idéan J. Véi gia thiét (R, m)
12 vanh Noether dia phuong bat ky, chiung ta mé roéng [68, Theorem
6.15] qua bo dé sau day.

Bé dé 3.1.1. Gig sz (R,m) la vanh Noether dia phuong chiéu d =1 vdi
truong thang du vé han va J la idéan m-nguyén so cua R. Khi do,

n n+d-2 n+d-2
v(J )Shdeg(J,R)( d-1 )+( d—9 )

Ching minh. Gia st K = (x1,...,x4) 1a rat gon tbi tiéu caa J. Pat K, =
(x1,...,%q-1). Xét phép nhung J"/K| — R/K[. Theo chiing minh cta [68,
Theorem 6.11],

d-1
Miit khéc, v(J™) < V(K?) + V(JK?) < v(K?) + hdeg(J, J"/K?). Do do,

n+d-2
d-1 |

d-2
hdeg(J,R/K]") < hdeg(J,R)(n " )

n+d-2

v(J”)S( J_9

) + hdeg(J,R)(
O
P& dua ra dudc chén trén cho chi sb rut gon ctia moét idéan J bat ky
cta R, ching ta can két qua sau cia Eakin va Sathaye.
Pinh ly 3.1.2 ([13, Theorem 1]). Cho (R, m) la vanh Noether dia phuong
chiéu d =1 va J la idéan ciia R. Gid st K la rut gon téi tiéu ciia J. Néu
ton tai s6 nguyén duong n sao cho

V(J”)<(n+d)

d
thi rg(J)<n-1.
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Tu B6 dé va DPinh 1y 3.1.2, ching ta thu dudc chan trén cho chi
so rut gon.
Dinh 1y 3.1.3. Gid sz (R, m) la vanh Noether dia phuong chiéu d =1 vdi
truong thdng du vé han va J la idéan m-nguyén so ctia R. Néu K la rit

gon toi tiéu cia J thi
rg(J) <max{d.hdeg(J,R)—2d + 1,0}.

Chiing minh. Theo B6 dé ta c6

" n+d-2 n+d-2
v(J )Shdeg(J,R)( d-1 )+( d—9 )

Theo Dinh Iy ching ta can chon sb nguyén n sao cho

n+d-2 n+d-2 n+d
hdeg(J,R)( d-1 )+( J_9 )<( d )

Hay
n d-1 n+d
+ <
n+d-1 n+d-1 d
Néu chon n = d.hdeg(J,R) — 2d + 2 thi bat phudng trinh dude théa mén.

Gia st d.hdeg(J,R)—-2d +1=0. Khi do,

hdeg(J,R)

rk(J) <d.hdeg(J,R)—-2d + 1.

Hoan toan tuong tu [48, Lemma 2.8], ta c6 b6 dé sau day.

Bé dé 3.1.4. Cho (R,m) la vanh Noether dia phuong chiéu d va J la
idéan m-nguyén so cua R. Gia su f1,...,fr la day loc chinh quy va I =
(f1,....fr). Néu K la rit gon téi tiéu ctia J trong R/I va N la sb6 nguyén
khong am sao cho rg(J,R/I)< N. Khi dé, véi moi I' =(f},...,f}), trong do
fi=f; mod JN*2y6ii=1,...,r, ta cé K la rut gon tdi tiéu cia J trong R/T’
va rg(J,R/I')<N +1.

Theo Dinh ly 3.1.3] r(J,R/I) < max{s.hdeg(J,R/I)—2s+ 1,0}, v6i s =
dim(R/I). Pat N; = max{s.hdeg(J,R/I)—-2s+1,0}+2. Tit B6 dé ching
ta thu dugc bo dé sau.
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Bé dé 3.1.5. Cho (R,m) la vanh Noether dia phuong chiéu d va J la
idéan m-nguyén so cua R. Gia su I =(f1,...,fr) la idéan cua R sinh bdi
day loc chinh quy fi,...,fr cia R. Néu K la rut gon tbi tiéu cia J trong
R/I thi véi m =0, ta co

() JNm 4 [ = KMl gl g

(i) JNH 4T = K™ gVl L T véi moi I' = (ff,....f)), trong d6 f] = f;
mod JN véi i =1,...,r.

Tu B6 dé[3.1.5] ching ta thu dudce bo dé sau.

B& dé 3.1.6. Cho (R,m) la vanh Noether dia phuong chiéu d =1 va J la
idéan m-nguyén so cua R. Gia su I =(f1,...,fr) la idéan cua R sinh bdi
day loc chinh quy. Dit s =d —r va K = (x1,...,xs) la rit gon tbi tiéu cia
J trong R/I. Véi t =1, dat K, = (x!,...,x%) va N1 = max{s.hdeg(J,R/I)—2s +

1,0} + 2. Khi do6 véi moi m=0va i =0, ta co
(1) JN1+s(t—1)+mt+i +7T :Km+1JN1+S(t—1)—t+i +1-
t >

(i) JN1+s(t—1)+mt+i+Il =K;n+1JN1+S(t—1)—t+i +1' véi moi I = (fll”frl)’ trong

do f!=f; mod JNvéii=1,..,r.
Chiing minh. Tu B6 dé(3.1.5] ta c6

JN1+S(t—1)+mt+i +I :Ks(t—1)+mt+1+iJN1—1 +I.

Vi Kst-D+1 _ KtK(S_l)(t_l) nén

s(t—=1)+mit+1+i _ rm+1g-(s—1)t-1)+i _ rm+1g-s(t—1)—t+1+i
K =K"'K =K"'K :

Do do
JN1+S(t—1)+mt+i +I :K;n'i'le(t_l)_Hl-"iJNl_l +I

:KT+1JN1+S(t_1)_t+i +I.

Tuong tu, ta cing co

JN1+s(t—1)+mt+i + 7 :K?z+1JN1+s(t—1)—t+i iy 4

v6i moi I' = (f],...,f}), trong d6 f]=fi modJ™ véii=1,..,r. O
Bé dé 3.1.7. Cho (R,m) la vanh Noether dia phuong chiéu d =1 va J
la idéan m-nguyén so cua R. Gia su I = (f1,...,fr) la idéan ctia R sinh
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bdi day loc chinh quy fi,....fr cua R. Pdat s =d —r va K = (x1,...,xs) la
rit gon toi tiéu cta J trong R/I. Gid si t la s6 nguyén duong sao cho
K'=(xi,...,x}) la idéan tham sb chudn tdc ctia R/I va N = N1 +(s+1)t. Véi
O<i<t-1,ddt P,=N1+s(t—1)+i. Khi dé véi mbi m =0, ta cé

/1( Kmlig )_A( Krlir ) 3.1.1)
Kl gPi-t 4 KmHlgPi-t 4 o

vdi moi I' = (fy,...,f}), trong d6 f]=fi modJ™ véii=1,..,r.

Chiing minh. Tt B6 dé taco JNV+I=JgN1+6+Di L T K, +1. Do do,
K;,+I=K,+I'' Pat L, =K, +1 =K, +I'. Khi d6 ding thic tuong
duodng véi dang thiic sau

Lm+lyg Lrligr
/1 L,tn—‘rlJPi_t+I —/1 LT+1JPi_t+I’ (312)

viim=0valO<i<t-1.

Mt khac,
1 1
Lrier L

LyptigPi-to [ L igPit 4 L Ing

LIZ’L+1 +I/ B L7tn+1

LrHigPi-typ  LPHlgPi-t 4y Lm+lnp

v6im=0va0<i<¢—1. Do d6, ching ta chi can ching minh

L;n+1 ) _ ( L?H_l

L’tn+1JPi_t +L7tn+1 NI LTJFIJPi—t +L,tn+1 I (313)

véim=0va0s<i<t-1. Vixi, ., x} 1a mot d-day caa R/I nén theo [27,
Theorem 2.1], ta ¢c6 K™"*'nI<K™I. Do d6,

L™ =L"I1+K" 1 nI=L"I.

Tuong tu, ta cing co
L™inr =L7r.
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Vi vay
L gt L I NI =L g+ LT
=L™L,JY7 4+ 1)
L™K JPi 7+ 1)
=L7(JP +1)
=L™JFi+T')
=LK I+ 1)
:L?H_lJPi_t +L;n+l ﬂIl
v6im=0va0<i<¢—1. B6 dé dudc chiing minh. ]
Véi nhitng chuén bi & trén, ching ta thu dugc két qua chinh ctia phan
nay la dinh ly sau day.
Dinh 1y 3.1.8. Cho (R,m) la vanh Cohen-Macaulay suy réng chiéu d va

J la idéan m-nguyén so cua R. Gia sv I =(f1,...,fr) la idéan cta R sinh

bdi day loc chinh quy f1,...,fr cua R. Dat s=d —r va
N =max{s.hdeg(J,R/I)-2s+ 1,0} +(s+ 1)I(R) + 2.
Khi do,
AMRIJI™ +1)) = MRAJ" +1')) (3.1.4)
vdi moi n=0va I' = (f1,...,f}), trong dé f]=f; modJVN vdii=1,..,r.

Chung minh. Khong mat tinh tong quat, gia st trudng thing du R/m
la vo han. Pat N1 = max{s.hdeg(J,R/I)—2s + 1,0} + 2. Khi d6, R/I la vanh
Cohen-Macaulay suy rong chiéu s. Theo Hé qua (i), ton tai rit gon

t6i tiéu K = (x1,...,xs) € J trong R/I sao cho
JN1+m +I =Km+1JN1—1 +I

v6i moi m = 0. Vi f/ = f; modJY va N <N nén f]=f; modJ™ véii=
1,...,r. Theo Hé qua (ii), ta co

JN1+m +I/ :Km+1JN1—1 +II
v6i moi m = 0. Pat ¢ = max{I(R),1}, ta c6 I(R/I) <t. Theo [64, Proposition
2.10], K; = (x¢,...,x})+ I la idéan tham s6 chuén tic cta R/I. Vi Ny +s(t -
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1)< N, taco
JU+I=J"+1

v6i moi n < N1 +s(t—1). Do do, chung ta sé chiung minh

R R
A(J”+I) _A(J”+I’)

v6i moi n = Ny +s(t —1). Ttc 1a chi can ching minh

A R =A R
JN1+s@t-D+mt+i L 1) 7\ JN1+s@t-D+mt+i 4 [/
viimoim=0vaO<i<t-1.DPatP;=N;+s(t—-1)+ifor0<i<t-1. Do

dé, chi can chiing minh

JPitmt L JPitmt [/

1)~ 5me ) (3.15)

vbim=0vaO0<i<t-1.
Theo B6 dé [3.1.6, dang thiic (3.1.5) tuong dudng véi dang thiic sau

R R
/1([{;"2+1JPi—t+I) = A(K;nJrlin_t_'_I,) (3.1.6)

viim=0vaO<i<t-1.Taco

R R Kmlig
A - =AM ——g—|+2 -
KHlgPi-t 4 T Kmtlqg Kt gPi-t 4 T

A =A|———|+2 : .
K+l gPi-t 4+ Kr+lqp K+l gPi-t 4

Vi N =e(J,R/I)+I(R)+ 1 nén theo [48, Theorem 3.2], ta c6

AMHE (R/T)) = MHL(R/I'))

v61i moi i <s. Do do, theo [64, Corollary 4.2],

R R
AM———— =2 ————
(K;n+1+1) (K;n+1+1')

v6i moi m = 0. Mat khac, theo Bo dé

KM Kr+ier
KHlgPicto 1) T\ KPPt 4 I

véim=0va 0<i<¢-1. Dinh ly dudc chiing minh. ]
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Nhan xét 3.1.9. Quy va N. V. Trung [49] da thiét 14p chan cho chi sb
nhiéu Hilbert N(I,J) trong trudng hop tong quat theo bac mé rong. Néu
R la vanh Cohen-Macaulay suy rong, chan ma ching toi thu dudc trong
Dinh ly 12 t6t hon chan trong [49], Corollary 4.8].

Néu J =m, ching ta thu dudc hé qua sau day.
Hé qua 3.1.10. Cho (R,m) la vanh Cohen-Macaulay suy réng chiéu d.
Gia su I = (f1,...,f») la idéan sinh bédi day loc chinh quy f1,...,fr cia R.

Dat s=d-rva
N =max{s.hdeg(R/I)—2s+1,0} + (s + 1)I(R) + 2.
Khi do,
AMR/(m™ +1)) = MR/(m" +1'))

vdi moi n=0va I' =(f},...,f}), trong dé f] = f; modm®" véi i=1,..,r.

Nhan xét 3.1.11. Chan ma chung t6i thu dudc trong Hé qua |3.1.10(1a

mot cai tién so véi chin ctia Quy va V. D. Trung [48].

Néu J +1 1a idéan tham s6 cta R thi r(J,R/I) = 0. Khi d6, chung ta
thu dudc chan pho dung cho chi s6 nhiéu Hilbert nhu sau.

Hé qua 3.1.12. Cho (R,m) la vanh Cohen-Macaulay suy réng chiéu d.
Gia su J la idéan cua R va I =(f1,...,fr) la idéan sinh bdi day loc chinh
quy fi,....fr ciia R théa man J +1 la idéan tham sb ciia R. Pat s=d —r
va

N=(6+1IR)+1.

Khi do,

ARII" + D) = MRIJI™ +1'))
v6i moi n=0va I'=(fy,...,f;), trong dé f! = f; mod JN véii=1,..,r.
Nhan xét 3.1.13. Gia sit (R,m) 12 vanh Noether dia phuong bat ky va
J la idéan m-nguyén so. Gia st I = (f4,...,f) la idéan sinh béi day loc
chinh quy. Néu J la idéan sinh béi d-day trong R/(f1,...,f») thi ching
toi da ching minh ham Hilbert-Samuel ctia R/I ing véi J bao toan qua
nhiéu J-adic caa I [34].
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3.2 Nhiéu cua ham Hilbert-Samuel d6i ngau

Trong phan nay, cho (R,m) 1a vanh Noether dia phuong va A 1a R-
modun déi Cohen-Macaulay. Xét I = (fi,...,f>) 1a idéan ctia R sinh béi
day A-d6i chinh quy fi, ..., fr. Gia st J 1a idéan ctia R sao cho A(0:4 J) <
oo. Trong phan nay, chiing t6i sé nghién ctu su bao toan ham Hilbert-
Samuel d6i ngiu cta J lién két véi A = 0:4 I dudi tac dong nhiéu J-adic
cta I. Noi dung ctia phan nay dudc viét dua theo bai béao [60].

Pau tién, ching ta khang dinh néu K 1a mot rat gon toi tiéu caa
J lién két v6i A thi K cling 1a mot rat gon toi tiéu cua J lién két véi
A =0:4I', trong d6 I' 12 mot nhidu J-adic caa I.

Bé dé 3.2.1. Cho (R,m) la vanh Noether dia phuong véi trudng thing
du v6 han va A la R-médun Artin. Gia s I =(f1,...,f») la idéan cua R
sinh bdi mét phan hé tham sb fi,...,fr cia A va A=0:4 1. Xét K la rit

gon toi tiéu cua J lién két véi A, ddt
N =rl(J,A)+2.

Gia st f] = f; +¢;, trong do €; la phan ti bat ki trong JN véii=1,....r va
I'=(f1,....f}). Khi do,

0:4 I, KIN =04 (I, M),

va K la rit gon téi tiéu cia J lién két véi A', vi A =0:4 I' va rle(J,A) <
N-1.

Chuing minh. Vi r’K(J,Z) =N -2 nén
0:0 (LLKJN2)=0:4(I,JN D).

Suy ra
0:4 (LKJN DH=0:4U,JM).

Mat khac, theo cach chon s6 nguyén N, ta c6

0:4 (I, T)=0:4 (I',JY
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v6imoi i <N.Rorang 0:4 (I',JN)c0:4 (I', KJVN1). Ngudc lai,

0:a (I, KIN Y+ I, IV )= (0:4 I, KIV")N(O0:4 U, IV))
=(0:4 (I, KIN 1) (014 JU,KIN 1))
=0:4 (I',KJNL 1)
=0:4INN(0:4 JU,KIN2))
=0:4 1N (0:4 JA,JV 1Y)
c0:4 I, JN).

Ap dung B dé Nakayama cho médun Artin [29, Corollary of Proposi-
tion 5], ta co
0:4 (I, KINHy=0:4 (I',d™).

Do d6, K 13 mdt rit gon ctia J lién két véi A’ va r’K(J,K,) <N-1.TuB6
d813.2.2] K 1a idéan tham sé ctia A'. Theo [56, Theorem 6.5 (ii)], K 1a
rat gon téi tiéu ctia J lién két véi A'. BS dé duge chiing minh. 0

Trong b6 dé sau, ching ta sé ching minh néu f1,..., f 1a mét phan hé

tham s6 cta A thi f1,-.. fy cing la mot phan hé tham sb cta A.

B& dé 3.2.2. Cho (R,m) la vanh Noether dia phuong véi trudng thing
du v6 han va A la R-médun Artin véi NdimA =d. Xét I = (f1,...,fr) la
idéan ciia R sinh béi mot phan hé tham s fi,...,fr cia A va A=0:4 I.

Gid s K la rut gon toi tiéu ctia J lién két véi A. Dt
N =ri(J,A) +2.

Gia st f] = f; +¢;, trong do €; la phan ti bét ki trong JN véii=1,....r va
I'=(f1,....f}). Khi do,
0:4I,K)=0:4(I',K)

va f1,....f, la mét phan hé tham so cua A.
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Chiuing minh. Ta co,
0:4 (I,K)=(0:4 ILKIN )N (0:4 K)
=(0:4(I,dVNN(O0:4 K)
=(0:4 I, JV)N(0:4 K)
=0:4 I, KJ""H)N0:4 K)
=0:4 (I',K).
Vi f1,..., f» 1a mét phan hé tham sb ctia A, theo [62, Lemma 2.7], Ndim A =
d —r. Mat khac, K 1a rat goi tbi tiéu cta J lién két véi A, theo [56,
Theorem 6.5 (ii)] ton tai mot hé tham s6 x1,...,x4_, cia A sao cho K =
(x1,...,xq—r) 12 idéan tham sb caa A. Do d6, Ndim(0 :5 (I,K)) = Ndim(0
K)=0. Suy ra, Ndim(0 :4 (I',K)) = 0. Hay, f,...,f/,%1,...,44—r 12 hé tham
s6 ca A. Vay fi,- fr 1la mot phan hé tham sb6 cta A. O
B6 dé sau day la chia khéa dé chitng minh két qua chinh ctia phan
nay.
Bé @é 3.2.3. Cho (R,m) la vanh Noether dia phuong va A la R-moédun
Artin. Xét I =(fi,...,f,) la idéan ciia R sinh béi day cdc phan ti fi,...,fr
va A=0:4 1 Gid st K = (x1,...,xs) la idéan ctia R sinh bdi day A-dbi
chinh quy x1,...,xs. Khi do,
0:AIK™c(0:4 D+(0:4 K™ (3.2.1)
v61 mot m = 0.
Chiing minh. Chuing ta sé ching minh quy nap theo s v6i méi m.
V6is=1, gia st y € 0:4 I(x]"), suy ra yx[" € A. Vi x; 1a phan ti A-d6i
chinh quy nén x;A = A. Do d6, ton tai z € A sao cho yxt = 2"z, vi vay
y—2€0:4 (x1)<0:4 (x’1"+1). Suyra, ye(0:4 I)+(0:4 (x’1”+1)) v6i moi m = 0.
Véi s > 1, ap dung quy nap ching ta c¢é thé gia st khang dinh ding
v6i moi i < s. Pat Ky = (xa,...,x5) va A1 =0:4 (I,x1). Theo gia thiét xs, ..., xs
1a day A;-ddi chinh quy, ap dung gia thiét quy nap cho (Z,x1), ta cé
0:4 (L, 2K S(0:4 (I,x1)+(0:4 KT
v6i moi m = 0. P& chitng minh (3.2.1) ta tiép tuc chiing minh quy nap
theo m. V6i m = 0 khang dinh ré rang. Vé6im = 1, ta c6 K™ = KT +x K™
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X6t y€0:pa IK™ =0:4 IK™ +x1K™ 1), taco y € (0:4 IKT)N(0:4 Ix1 K™ ).
Suy ra, y€(0:a4 IKT") va yx1€(0:4 IK™"1). Theo gia thiét quy nap,

yx1€0: 4 N+0:g K™)=x1(0:4 I)+(0:4 K™).

Do d6, tontai b €(0:4 I) va c € (0:4 K™) sao cho yx1 = bx;+c. Patd = y—b,
ta c6 y = d+b. Phan con lai ching ta chi can ching minh d € (0:4 1)+(0:4
K™*1). That vay,

de(0:a IKT)NO0:4 x1K™)=(0:4 IKT")N(0:4 x1K7)N(0:4 x1K™)
S((0:4 L,x)+(0:4 K1) N(0:4 x1K™)
=(0:4 (L, x1))+((0:4 KN (014 1 K™))
c(0:a)+(0:4 K™,

Vay y=b+de(0:aI)+(0:4 K™D, 0
T B6 dé(3.2.3] ching ta thu dude hé qua sau day.

Hé qua 3.2.4. Cho (R,m) la vanh Noether dia phuong véi truong thang
du vé han va A la R-médun dbéi Cohen-Macaulay véi Ndim A = d. Gid st
I=(f1,...,fr) la idéan ciia R sinh bdi mot phan hé tham sb f1,...,fr clia A
va A=0:41 Gid stz K la rit gon téi tiéu ciia J lién két véi A. Dt

N =ri(J,A) +2.

Gia st f = fi +¢;, trong do €; la phan tiz bat ki trong JN, véi i =1,...,r va
I'=(f{,...f}). Dat L =(I,K), khi do

W) 0:4 IL™=(0:41)+(0:4 L™) v6i moi m = 0;

(ii) 0:4 I'L™ =(0:4 I') +(0:4 L™*) v6i moi m = 0.

Chiuing minh. Chung ta sé ching minh (ii); (i) dudc chiing minh tuong
tu. Theo B6 dé [3.2.2, f},...,f} 12 mdt phan hé tham s6 cta A, vi A 1a
modun d6i Cohen-Macaulay, ta ¢ fi,--.f; la day A-d6i chinh quy, do d6
A =0:4 I' 12 modun déi Cohen-Macaulay. Theo BS dé [3.2.1, K 1a rat
gon tbi tifu ctia J lién két véi A, vi vy K sinh béi diy M -dbi chinh
quy. Theo B dé ta c6

0:AI'K"c(0:4I)+(0:4 K™
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v6i moi m = 0. Theo B6 d¢[3.2.2, 0:4 L=0:4 (I,K)=0:4 (I',K). Do d6,
0:AL"=0:4I,K)"=0:4 I',K)"
v6i moi m = 0. Suy ra

0:AI'L™=0:4I'L"™"Nn0: 4 I'K™
=0: 4 'L N(0:4 I +(0:4 K™
=0:4IN+(0:4 I'L™N(0:4 K™*1))
=(0:4IN+(0:4 I'T,EY")N(0:4 K™H1))
=(0:4IN+(0:4 I, E)"™)
=(0:4IN+(0:4 L™

v6i moi m = 0. ]

B6 dé sau day biéu dién cong thic tudng minh ctia ham Hilbert-
Samuel d6i ngau ctia idéan tham s6 lién két v6i modun d6i Cohen-

Macaulay.

B& dé 3.2.5. Gid stz (R, m) la vanh Noether dia phuong va A la R-médun
déi Cohen-Macaulay véi NdimA = d. Néu K la idéan ciia R sinh bdi hé

tham so x1,...,xq cua A. Khi do,

A0 4 K" 1y = 1010 K)("’ " d).

d
Chiuing minh. Suy ra tu [45, Corollary 3.2]. ]

Ménh dé sau day khang dinh ham Hilbert-Samuel d6i ngau cua
idéan tham s6 lién két véi médun d6i Cohen-Macaulay bao toan qua

nhiéu.

Ménh dé 3.2.6. Cho (R,m) la vanh Noether dia phuong va A la R-
moédun dbéi Cohen-Macaulay véi NdimA =d. Gid st I = (fi,...,fr) la idéan
ctia R sinh bdi day A-dbi chinh quy f1,....,fr va A=0:4 1. Xét J la idéan
ctia R sao cho M0 :4 J) <ocova K la mét rit gon tbi tiéu cia J lién két véi
A. Pat

N =rl(J,A)+2.
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Gia st f = fi +¢;, trong do €; la phan tiz bat ki trong JN, véi i =1,...,r va
I'=(f{,....f}). Khi do,

A0:4 (I,LK™)=M0:4 I',K™))
v6i moi n = 0.

Chung minh. Theo gia thiét, ta c6 A 12 moédun d6i Cohen-Macaulay. Vi
K la rat gon toi tiu cta J lién két v6i A nén K sinh béi hé tham s
X1,...,%s cia A v6i s =d —r. Theo B6 dé ta cé

A0 :4 (LK™ 1) = 204 (I,K))(” : 8).

Theo B8 d& [3.2.2, I sinh béi day A-dbi chinh quy f1,...,f., suy ra A =
0:4 I' 1a médun d6i Cohen-Macaulay va NdimA' = s. Theo B§ dé 3.2.1,
K 1a rat gon toi tiéu cta J lién két véi A Tuong tu lap luan nhu trén,

ta co
+
A0 :a (I, K™ 1) = A(0:4 (1',K>)(” 8).
S
Theo B6 dé
0:4I,K)=0:4 (I K).
Do do,
AMO:4 (I,K™)=A0:4 I',K™))

v6i moi n = 0. []

Vé6i nhitng gi dudc chuén bi & trén, ching ta dua ra ndi dung chinh
ctia phan nay vé su bao toan ham Hilbert-Samuel d6i ngau cta idéan
lién két véi modun d6i Cohen-Macaulay.
Dinh 1y 3.2.7. Cho (R,m) la vanh Noether dia phuong va A la R-médun
déi Cohen-Macaulay véi NdimA =d. Xét I = (f1,....f) la idéan clia R
sinh bdi day A-dbi chinh quy fi,...,fr. Gid st J la idéan clia R sao cho
AM0:4 J)<oo. Dt A=0:41 va

N =r'(J,A)+2.
Gia st f] = fi +¢;, trong dé €; la phan ti bat ki trong JN, véi i =1,...,r va
I'=(fl,...f1). Khi do,
AMO:a L, ") =20:4T',d™)
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vt moi n = 0.
Chung minh. Khong mat tinh tong quat, ching ta gia st trudng thing
du R/m 1a vo han. Pat s = d —r, khi d6 ton tai rat gon t6i tiéu K =
(x1,...,xs) cia J lién két véi A sao cho ri(J,A)=r'(J,A) = N - 2. Tt cach
chon s6 nguyén N, ta c6
0:4(L,JJ")=0:4I",J")
v6i moi n < N. Do d6, ching ta chi can ching minh
AMO:a T, ") =20:4 T, ™)
v6i moi n=N. Véi n =m + N, trong d6 m 13 mot s6 nguyén dudng, ta cé
0:a(L,d)=0:4 L, J™N)=0:4 I, K™ gV
va
0:a (I, d)=0:4 (I',d™N)y=0:4 (I', K™ 1INy,
Véi mbi m = 0, xét cac day khdp ngan sau day

0: I Km+1JN—1
0—0:4 (I,K™YYy 04 (I,K™HgN- 1 A, ) 0
0:4 (I,Km+1)

va

0: I/ Km+1JN—1
0—0 ‘A (I,,Km+1) —0 ‘A (I/’Km+1JN—1) . A( ) ) 0.
O:A (I/’Km+l)

Theo Ménh dé ta co
A0:4 (LK™ ) = 20 :4 (I, K™ 1Y)

v6i moi m = 0. Tu day ching ta can chiing minh

1 O:A (I,Km+1JN_1) 1 O:A (I/,Km+1JN_1)
0:4 (I,Km+ly |~ 0:4 (I',Km+1)
v6imoi m=0. Pat L =(I,K) thi 0:4 L=0:4 (I,K)=0:4 (I',K), khi d6

0 ‘A (I,Km+1JN_1) ~ 0 ‘A (I,Lm+1JN_1)
0:4 (I,K™m+1) - 0:4 (I,L™+1)

va
0:4 (I’,Km+1JN_1) ~ 0:4 (I’,Lm+1JN_1)

0:4I',Km™*1l) — 0:4' LM+
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v6i moi m = 0. Vi vay, chung ta sé chiing minh

1[04 (I,LmH1gN-h) 1[04 ', L1 gN-1y
0:4 (I, LMY | 0:4 (I',L™*1)
v6i moi m = 0.
Chung ta khang dinh

0: AL +0: 0 (ILLL"H IV D=0, L™ 4 0:4 ', L™ gV
v6i moi m = 0. That vay, véi méi m =0,

0:a L™ +0:4 T,L™ TN ) =(0:4 LTV )N ((0:4 D +(0:4 L™ )
=(0:4 L™ 1IN 1N (0:4 IL™) (Hé qua[3.2.4] (1))
=(0:4 (I,LJN 1)y L™
=(0:4 (LKJYN 1))y L™
=(0:4 (I',KJN 1)y L™
=(0:4 (I, LIV 1))y L™

=0: 4 L™ 1IN "N (0:4 I'L™)
=04 L™ IV Hn(0:4 IV +(0:4 L™)) (Hé qua (ii))
=0:4a L™ +0:4 I, L™ gV,

Do do,

0:4 I, LMHJN-1) 0:4 I, L™ 1gN-1)
0:4 (I,L™*Y)  0:4 (I,LM*1JN-1)n0:4 L™+1
L 0:a (L™ N1y 401y LMH
a 0:4 Lm+1
04, LM gV 40y L]
- 0:4 Lm+1
N 0:4 (I’,Lm+1JN_1)
T 0:4 (I!,LMH1gN-1)n(: 4 LH1
_0:4 I, LN
© 0 (I, LMY
v6i moi m = 0. Do d6, cac modun nay co6 cung do dai. Pinh ly dudc chiing
minh. ]

Tu Pinh 1y 3.2.7, ching ta thu dugdc hé qua sau.
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Hé qua 3.2.8. Cho (R,m) la vanh Noether dia phuong va A la R-médun
doi Cohen-Macaulay véi NdimA =d. Xét I = (f1,...,fr) la idéan clia R
sinh béi day A-déi chinh quy fi,...,fr. Gid st J la idéan ciia R sao cho
AMO:4 J)<oo. Dt A=0:41 va

N=r'(J,A)+2.

Gid st f] = fi+¢;, trong dé ¢; la phan tiz bat ki trong JN, véi i =1,...,r va
I'=(fl,...f). Khi dé,
ei(J,A)=el(J,A),

voi 1 =0,...,d —r, trong do ZI:O:A I

Chitng minh. Ta ¢6, NdimA = d - r va theo Bs dé 3.2.2, f1,...,f! 1a mot
phan hé tham s6 ctia A. Suy ra, NdimA =d —r. Theo [45, Section 3], véi

n >0,

d—r ) o o
/1(0 ‘A (I,Jn+1)) — Z(_l)le;(J,A)(n-i_d r I,).

b d-r—i
va ; _
A0 14 (T, I = g(—l)ie’i(J,Z/)(nZO_l;f;L).
Tu Dinh ly ta co
e\(J,A) = e/(J,A),
v6ii=0,...d-r. N

Nhan xét 3.2.9. Néu J la idéan tham sb cia A thi r'(J,A4) = 0. Khi d6,
N =2 14 s6 nguyén théa man Dinh ly

3.3 Két luan Chuong 3

Trong chuong nay, ching t6i da thu dudc mét s6 két qua chinh sau
day:

Trong phan thi nhat, ching t6i dua ra chin trén tuyén tinh theo
bac mé rong cho chi s6 nhiéu ctia ham Hilbert-Samuel cho idéan sinh
béi day loc chinh quy ung véi idéan m-nguyén so trong vanh Cohen-
Macaulay suy rong (Pinh 1y [3.1.8).
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Trong phan thi hai, ching t6i thiét 1ap chan trén tudng minh cho chi
s6 nhiéu cia ham Hilbert-Samuel d6i ngau cho idéan sinh béi day déi
chinh quy trong vanh d6i Cohen-Macaulay (Pinh Iy (3.2.7).
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Chuong 4

Chi s6 chinh quy cua idéan khu
lién két v6i do thi

Khai niém idéan khi (elimination ideal) lién két véi mot do thi dudge
gidi thiéu béi Anwar and Khalid [4]. Muc dich chinh caa chuong nay la
thiét lap chan t6 hop cho chi s6 chinh quy cua idéan khit lién két véi
mot s6 16p do6 thi déc biét. Noi dung ctia chuong nay dude viét dua theo
bai bao [61]].

4.1 Idéan khi lién két véi d6 thi

Chung ta nhac lai mot s6 khai niém cd ban cta 1y thuyét do thi can
thiét dé xay dung khai niém idéan khi.
DPinh nghia 4.1.1. Gia st G = (V,E) 1a d6 thi don, lién thong, hitu han
v6i tap dinh V ={vq,...,v,}.
(i) Bdc ctia dinh v; 1la sb canh di qua dinh v;, ki hiéu deg(v;). Néu
deg(v;) =0 thi v; dudc goi la dinh cé lap.
(ii) Pinh v; ciia G dudc goi 1a dinh tréi néu deg(v;) = deg(v 7) v61 moi
i # j. Tap hop tat ca cac dinh tréi cia G, ki hiéu D(G), goi 1a tdp
troi cua G.
(iii) Do thi G dudc goi 1a dé thi phdn tdn néu ton tai it nhat mét dinh
co lap.
Cau héi ma ching t6i quan tam dudc dé xuat béi [4, Question 2.1]
nhu sau.
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Cau héi 4.1.2. C6 bao nhiéu dinh tréi can bé di tie mét dé thi don, hitu
han, lién thong cho trudec mot cdch dé quy dé cdc doé thi con thu dugc la
khong phan tan?

Anwar va Khalid [4] da dua ra mot phuong phap hé théng dé giai
quyét cau héi nay, goi tén 1a phuong phdp khiz dinh tréi (Dominating
Vertex Elimination Method - DVE method) nhu sau:

Gia st G la do thi don, lién thong, hitu han. Pat Gy = G va D(Gy) 1a tap
hgp cac dinh troi cta Go. Chon 1 dinh v;, € D(Go) sao cho G1 = Go —{v;,}
khong 1a d6 thi phan t4n. Lai chon 1 dinh v;, € D(G1) sao cho Gg =
G1 - {vi,} khong 1a d6 thi phan tan. Lap lai qua trinh nay, ching ta thu

dude mot day lién tiép cac do thi con cia G 1a
G=Go>G1>---2Gy,
trong d6 méi d6 thi G,(0 <k <r) c6 n—k dinh.

DPinh nghia 4.1.3. S6 nguyén r 16n nhat sao cho G; khong 1a db thi
phan tan véi moi i < r, dudc goi 1a chi s6 6n dinh bdc (graphical degree
stability) cua G, ki hiéu Staby(G).
Dinh nghia 4.1.4. Gia st G; 1a d6 thi véi V(G;) = {vy,...,v;} va S =
Elx1,...,x,] 12 vanh da thic n bién trén truong k.
(i) Gia su day bac cua G; la (d1,d9,...,d;) thoa man d; = de = --- = d;.
Idéan Qg; = (x‘lil, ...,xfi) dudc goi la idéan day (sequential ideal) ctia
G;.
(i1) Gia su
G=Go>G1>--->G,
12 day lién tiép cac d6 thi con ctia G véi r = Stabg(G), ta ¢ cac idéan
day Qg, = (i, ....x" ") véi i =0,...,r. Khi d6, idéan khit (elimina-
tion ideal) cua G, ki hiéu Ip(G), dudc dinh nghia nhu sau

Ip(G)= ) Q(G).
i=0
Luu y: V6i méi G;, ching ta ludén gia st tap dinh V(G;) = {v1,...,v;}

théa man di=do=---=d; vii d; = deg(vi).
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Dinh nghia 4.1.5. Xét S = k[x1,...,x,] 12 vanh da thic » bién véi hé ti
trén truong & va I 1a idéan don thiic ctia S. Véi moi don thic u € S, dat
m(u) = max{j : xjlu} va m(I) = max{m(u) : u € 9(I)}, trong do ¥(I) 1a hé sinh
t61 tiéu cua I. Idéan don thic I dude goi 1a 6n dinh (stable) néu véi moi

Y 1. Kihiéu d(I) 1a bac 16n nhét caa céc

uelvalsj<m(u)thix;.
Xm(u)

don thic trong 4(I) va Is; la idéan sinh béi cac don thic ctia I c6 bac
16n hon hoéc bang ¢.

Bay gio ching ta sé nhic lai mét sb tinh chit can thiét cho viéc ching
minh céc két qua chinh ctaa chuong nay. Theo [3, Proposition 1.1] va s
dung phuong phap quy nap ching ta thu dudc két qua sau.

B6 dé 4.1.6. Gid st I, la cdc idéan don thitc va m; = d(I;) vdi i =1,...,n.
Néu I, la on dinh véi i =1,...,n thi (N"_ I})>max(mi,..,m,) CGng on dinh.

Két qua sau day cho ta mot chan trén cta chi sé chinh quy cta idéan
don thuc.

Dinh ly 4.1.7 ([16, Proposition 1.2]). Néu I la idéan don thic véi d(I) =

d va r=d la s6 nguyén sao cho I, la 6n dinh thi reg(I) <r.

4.2 Chi sb chinh quy cua idéan khir lién két véi do thi

Trong phan nay, ching toi sé dua ra cac cong thic tudng minh cia
chi s6 6n dinh bac Stab;(G) (Pinh nghia 4.1.3) va thiét lap cac chan trén
cho chi s6 chinh quy cta cac idéan khtt Ip(G) cia mét s6 16p do thi dic
biét.

Nhan xét 4.2.1. Dé thuén 1di, chiing ta sé danh nhan cac dinh v; ctia
cac do thi nhu cac bién x; cia vanh da thic S = Elx1, ..., x,].

Pau tién, ching ta tinh chi s6 6n dinh bac cta dé thi nong noc. Sau
dé, ching ta thiét 1ap chan t6 hdp cho chi s6 chinh quy ctia idéan khi
lién két véi 16p do thi nay.

Dinh nghia 4.2.2. D6 thi nong noc (tadpole) Tmap(m=3,n=2)l1a do thi
don, hitu han, lién thong dat dudc bang cach ndi mot chu trinh C,, véi
mot do thi duong P, bdi mot cau ndi. D6 thi T, ¢6 m +n dinh.
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Hinh 1. P6 thi nong noc Te.4.
B dé 4.2.3. Néu Ty, , la d6 thi nong noc véi m = 3,n =2 thi
Stabg(Thm.») = 1+ Stabg(Py,_1) + Stabg(Py).

Chung minh. D6 thi nong noc G = T chia mét dinh bac 3 nam trén
chu trinh va cau nbi, m + n —2 dinh bac 2 v mét dinh bac 1. Do do,
D(Gy) chia 1 phan tit. Ap dung phuodng phap DVE trén G, bd di dinh
bac 3 ching ta thu dude do6 thi con G; gom 2 d6 thi dudng P,,_1 va P,.
Khong mat tinh téng quat, ap dung phuong phap DVE trén P,,_1 va

sau do trén P, ta co

Stabg(Tp ) = 1+ Stabg(Pp,_1) + Stabg(P,),
v6li m =3,n = 2. H
B& dé 4.2.4. Gid stk Th, p, la d6 thi nong noc véi m = 3,n = 2. Khi do, cdc

idéan day duoc cho nhu sau

(xi’,x2 x2 Xman) neu 1 =0;

QGi(Tm,n):{ ( ) 27--2-’ m+n-1°

XYoo X o 9480y XmAn—(2+8D)+1, s Xm4n—i) N€U i=1,...r;

vot r = Stabg(Th, ).

Chitng minh. Day bac ctia d6 thi nong noc Go = Tmnlado=(3,2,..,2,1).

m+n—2

Theo chiing minh B6 dé/4.2.3], do thi G; c6day baclad; =(2,...,2,1,1,1,1).
m+n—5

Tiép tuc qua trinh nay, ching ta thu dude day lién tiép cac do thi con

cta do6 thi nong noc nhu sau
G=GooG1>---0G,
trong d6 day bac ctia méi do thi G; dudc xac dinh béi

di=(22,.,2,1,1,.,1)

m+n—(2+3i)  2(i+1)
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gom m +n —i thanh phan véi i =1,...,r. Ttic 1a ¢6 ba dinh bac 2 bi mat
di va xuat hién hai dinh bac 1 trong do thi méi sau méi lan ap dung
phuong phap DVE. Do do, cac idéan day Qg, la

3 .2 2
QGO = (x1’x2’ ---,xm+n_1,xm+n)

2 2 2
QG,‘ = (x1’x2’ “'7xm+n_(2+3i)7xm+n—(2+3i)+1a ---’xm+n—i),
véimoii=1,..,r. u
Dinh ly 4.2.5. Gid st Ty, » la d6 thi nong noc véi m = 3,n = 2. Khi do,
regUp(Tmp))=m+n+1.

Chiing minh. Gia st Staby(T), ) = r v6i r dudc x4c dinh trong B6 dé
4.2.3| Theo B¢ dé 4.2.4] cac idéan day la

3 .2 2 A . A
Qa.(Tmn)= (xl’xZ"">xm+n_1’xm+n) neu 1 =0;
iRt 2 2

xl)"'7xm+n_(2+3i)7xm+n—(2+3i)+l7"')xm-i-n—i) néu i: 1,...,7'.

Do do, idéan khit cta Ty, 1a Ip(Thm,n) = N;_,Qg;- Ta xét hai truong hop
cua cac idéan day.

Truong hdp 1. V6i i =0, dat y(Gy) = m+n+1, ta sé chiing minh QGo-ycy
1a 6n dinh. Xét u € Qg,.,q,,, thi u = vx,’ véi j € {1,..,m +n} nao d6 va

V€ (X1,.; Xman) GO trong d6

neu j=1;
a;=4 2 néuj=2,.m+n-1;
néu j=m+n.

A 3J a i /. . ,
W) >J Tmw)  Xm@) T QGOzy(GO) ¢ (w) ,

QGOMGO) la on dinh.
Néu m(u) = j thi u € (x1, ..., Xm1n) G0, Vi (x1, ..., %m+n)"C? 14 idéan 6n
dinh va

G
QGOEY(G()) - (xl, ""xm+n)y( O)_

Ta sé chiing minh (x1, ..., Xp4)" ¢ QGo-y gy X6t w € (x1, ooy Xan) GO thi

_ L0142 a <5 42 . S m+n .2 L3
w = x7'%,%..x,"" VOl ap =0 vl moi ¢ va Y111 ay = y(Go). Gia st a1 <3

va a; <2 V6imoit=2,..m+n-1va ansp <1, khidé X "a,<m+n
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(mAau thuin). Do d6, a1 =3 hodc ton tai k € {2,...,m +n — 1} sao cho a; = 2
hodc am+pn = 1. Khi d6, w = x,*(x]'x52..x* ** .xpm*m) v6i k nao d6 va
ke (l,..,m+n}, tit diéu nay suy ra w € QGOMGO) va khang dinh dudc
ching minh.

Truong hop 2. Véii =1,...,r, dat y(G;) =m +n — (1 + 3i), khi d6 Q¢

14 6n dinh. That vay, xét u € Qg

i=y(@G;)
N a; e . [N , 2 ~

2@ thi u = vxj’ vli j nao do thoa man

- 13

j=1,om+n—ivav e, ....emini) @)% trong dé

{ 2 néuj=1,..m+n—(2+30):;
aj=

1 néuj=m+n—-2+3i)+1,...m+n—i.

Néu m(u) > j thi 2% = XU ,°
() J Xm(u) xm(u)]

QGizy(Gi) 14 6n dinh.

€ QGi.c, v6i moi k& < m(u). Do do,

Néu m(u) = j thi u € (x1,....%man—i)"C?, V61 (x1, ..., xm4n—i)"C? 12 idéan

on dinh va
Gi
QGizy(Gi) S (X1, ey Xman—i) G,
Ta khéng dinh (X1, o0y Xmtn— i)Y(Gi) c QGby(G ) Xét we (x1,...,.Xm4n— i)Y(Gi) thi

w =7 w0y . v6i ay = 0 vOi moi ¢ va YT Lay = y(Gy). Gia st a; < 2

véiimoit=1,..m+n—-2+3i)vaa;<1vbimoit=m+n—-2+3i)+1,...m+
n—i, suy ra > 21" ‘ay < m+n—(2+3i) (mau thuan). Do d6, ton tai & €
{1,....,m+n—(2+3i)} sao cho az =2 hodc ton tai k € (m+n—(2+3i)+1,...,m+
n+i} sao cho a; = 1. Khi d6, ta ¢6 thé viét w = x,* w1 véi k€ {1,...,m+n—i},
suy ra w eQGizy(Gi).

Tu B dél4.1.6} ta ¢6 (Ip(Ty »))=y, 12 idéan 6n dinh véi

yo =max{y(G;) | i=0,...,rt=m+n+1.
Theo Dinh ly ta co

regIp(Tmp))<=m+n+1.
Dinh ly dudc ching minh. ]

Vi du 4.2.6 (Hinh 2). Véi d6 thi nong noc Tg4, ta c6 D(Go) = {x1}. Ap
dung phuong phap DVE trén Gy, ta thu dude do thi G; gom hai dudng
Ps and P4, v6i D(G1) = {x1,x2,x3,%4}. Panh nhan lai cac dinh va ap dung
phuong phap DVE trén Ps, sau d6 trén Py, ta thu dude do thi G véi hai
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duong Py va mot dudng P,. Khong thé ap dung phuong phap DVE trén
P5 hoéc Py, vi ching ta sé thu dugce do thi phan tan. Do do,

Stabd(T5,4) =1+ Staby(P5)+ Staby(P4)=1+1+0=2.

x3 x2 x1 xg

X6 X4 x5 x7
1 x xg xg x10

x4 ® ® ® ® 2 ® L g ® ®
Go=Teu G1
x X6 x3 X9
x5 X6
*——
x3 x1 X9 X4
[ L 4 L 4 g
— G2

x7 x8

Hinh 2. Day céc do thi con Go,G1,G4 ctia Te.4.

Vi du 4.2.7. Trong Vi du |4.2.6, tap dinh tréi cta Gy 1la D(Gy) = {x1} v6i

Qa, = (x?,x%,x%,xz,xg,xg,x%,xg,xg,xlo) va y(Go) = 11. PDanh nhan lai cac

dinh, ta c6 D(G1) = {x1,x2,x3,%4,%5} V01 Qg, = (x%,x%,x%,xi,xg,xG,xrz,xg,xg)
va y(G1) = 6. D(G2) = {x1, %2} V6i Qg, = (x3,x3,%3,%4,%5,%6,%7,%8) V& y(Go) =

2. St dung Macaulay 2, ta co

2 2 .2 92 2.9 9 2.2
Ip(Te 4) =(x8x10,X7X10,X6X10,X5,X7, X5, X5, X4 X3,X5,X5X9X10, X4 X3,

2 2 2 2 2
x2 » X5X9X10,X4X9X10,X3X9X10, x]_x].o? x8x]_()7 x7x]_()7 x6x]_()7

2 2 2 .3 .22
X5X70, X4X70, X3%7(, X7, %] Xg)

va reg(Ip(Te.4)) = 11. Vay chan trén ma chung ta thu dudgc trong Dinh ly
la chat.

Tiép theo, ching ta tinh chi s6 6n dinh bac cta 16p dé thi cdi xay gié Ha
Lan. T d6, ching ta thiét 1ap chén trén cho chi s6 chinh quy cta idéan
khtt lién két véi 16p do thi nay.

Pinh nghia 4.2.8. D6 thi cbi xay gié Ha Lan (Dutch windmill) D™ véi
n=3vamz=2la d6 thi don, hitu han, lién thong dat dugc bang cach
ghép m chu trinh C, chung nhau tai 1 dinh. D6 thi D™ ¢6 m(n-1)+1
dinh. Khi n =3, D{™ 1a dé thi ban bé.
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3)
D 4
4)
D 5
Hinh 3. Cé4c db thi c6i xay gié Ha Lan DY’ (trai) va D (phai).

B& dé 4.2.9. Gid st D™ 1a db thi cbi xay gié Ha Lan véi n =3 va m = 2.
Khi do,
mn-3)+3

A

néun=0 mod 3;

3
_4 +3 4
Stabg(D™) = ¢ min -9 +3 néun=1 modS3;

3
- 5 + 3 2z

m(nT) néu n=2 mod 3.

Chiing minh. Db thi ¢bi xay gié6 Ha Lan Go = D™ ¢6 mot dinh bac 2m

va m(n—1) dinh bac 2. Do d6, D(Gy) chi chita mot phan t, gia st phan
t nay 1a x1. Ap dung phudng phap DVE trén Gg, bé di dinh x;, ching
ta thu dudc do thi G; gom m do thi dudng P,_;. Khong mét tinh tong
quéat, ching ta ap dung phudng phap DVE lan lugt trén méi do thi
duong P,,_1, ta co

Stabg(D'™) = 1+ mStabg(P,_1).
Theo [4, Theorem 2.10], chiing ta thu dudc két qua. ]

B& dé 4.2.10. Gid st D™ la do thi cbi xay gié Ha Lan vdi n =3 va m = 2.
Khi do, cdac idéan day dudc xdc dinh nhu sau

2

om .2 2 £ :_ 0.
Q (xlm,xQ,...,xm(n_l)H) néeu i =0;
Gi = 2 A .
(X750 X (1_3)_3(i— 1) X¥m(n=3)-3(i- D)+ 15 - Xm(n-1)+1-i) N€UT=1,..,r;

vdi r = Stabg(DU™).

Chiing minh. Xét Go = D™ 1a db thi cbi xay gié Ha Lan, ta c6 day bac
cua no la do=(2m,2,2,...,2) va D(Gg) = {x1}. St dung phuong phap DVE
N——

m(n—1)
trén Go , ching ta thu dude do thi G; va day bac cia né dudce xac dinh 14

d1=(2,2,..,2,1,1,..,1). Vi G1 gdm m do thi dudng P,_1, st dung phuong

m(n—3) 2m
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phap DVE lan lugt trén cac dudng P,,_1, tai méi bude chung ta thu dudce
mot do thi méi c6 dude tit do thi trude dé véi ba dinh bac 2 bi mat di
va xuat hién hai dinh bac 1. Ching ta thu dudc day lién tiép cac do
thi con G = Gy > G1 > --- > G, véi day bac ctaa cac do thi G; tuong dng
lad;=( 2,2,..,2 ,1,1,..,1), gom m(n—1)+1—-i thanh phan. Do d6, cac

m(n-3)-3(i—1) 2m+2(i—1)
idéan day Q¢, dudc xac dinh bdi

2m .2 2
Qao = (7", %9, s X (n_1)11)

2 2 2
Qa; = (X7, X5, - X0 (1, _3)_3(i— 1) Xm(n—3)-3(Gi—1)+15 s Xm(n—1)+1—i)

v6ii=1,..,r, trong d6 r = Staby(D™). ]
Dinh ly 4.2.11. Gid su DE{") la db thi cbi xay gio Ha Lan vdi n = 3 va
m = 2. Khi do,

reg(Ip(D'™)) < (n + L)m.

Chiing minh. Theo B6 dé/4.2.9| dat Staby(D'™) = r véi n = 3,m = 2. Theo

B6 dé4.2.10| cac idéan day la

om 2 2
Qo = (7™, %55 s X = 1)41)
i

2 2 A .
(X5 X _8)_3(i— 1) Xm(n=3)=3(i=D+15 > Xm(n-D+1-;) Neuwi=1,..,r.

néu i =0;

Do d6, idéan khtt ctia D™ 1a Ip(DU™) = N;_,Qg, trong d6 r = Staby(D™).
Chung ta xét hai truong hop sau.

Truong hop 1. Véi i = 0, dat y(Gy) = m(n + 1), chung ta chiing minh
QGo.,q, 12 on dinh. Xét u € Qg,.

IN _ aj s . N , 2 .
G thi u = vx;’ vOi j nao do6 thoa j e

{1,...mn-1)+1} va v e (xq, ...,xm(n_1)+1)Y(G0)_“1, trong do

2m, néuj: 1;

a;=
J A .
2, mneuyj=2,..mn-1)+1.
A . s XpU XpU a; 4. . ,
> Sk = R € moil k < . D
Neu m(u) > j thi o = T X QGOMGO) v6i moi & < m(u). Do do,

QGOMGO) la on dinh.
Neu m(u) = J thiro réng ueE (xl, ...,xm(n_1)+1)7(G°) vl (xl, ...,xm(n_1)+1)Y(G°)
14 6n dinh. Do doé, QGo-ycy < (%15 Xmn-1)+1)"¢?. Ching ta sé ching

minh (x1,...,Xmmn-1)+1)" ¢ € QGOzy(GO)‘ Xét w € (x1, ..., Xm(n-1)+1)" ) thi w =
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xflxgz...x:{?;"_‘i;fl V61l a; =0 v6i moi ¢t va Z;’i(f_l)” a; = y(Go). Gia st a; <
2m va a; <2 v6i moi t =2,..,m(n-1)+1, suy ra Y "¢ Vg, <m(n+1)-1

(mau thuan). Do dé, a1 = 2m hoéc ton tai mot s6 nguyén £ € {2,...,m(n —

, g « A _ ak
1)+ 1} sao cho a; = 2. Hay co thé viet w = x,"* w1, suy ra w € QGOZY(GQ)'

Khang dinh dudce chitng minh xong.
Truong hop 2. V6ii=1,...,r, dat y(G;)) =m(n-3)-3i+4. Ta ¢6 Qg

i=y(@G;)

la 6n dinh. That vay, xét u € Qg,.,, thi u = vxj.‘f v6i j nao do, j €

1,.,mmn-1+1-i} vave @®1,...,4mmn-1)+1-1)"¢?~% trong dé
2 néuj=1,..mn-3)-33G-1);
aj;= .
711 nduj=mmn-3)-3G-D+1,..,mnr-1+1-i.

A . N a; e . »
Neu m(u) > j thi 2% = 2% »'V ¢ Qq. v6i moi & < m(u). Do d6,
Xm(u) Xm(uw) J 1zy(G;) ;

QG- 12 on dinh.
Néu m(u)=jthiue (X1, eens X1+ 100G, VO (1, oo Bano1y31-3)" P 12
on dinh va
QGiEY(Gi) C (x1, ”"xm(n—1)+1_i)Y(Gi),

Chiing ta khang dinh (x1,...,xm(n-1+1-)"%" € Qq,. - That vay, xét w e

a1 _ag Am(n-1)+1-i

(15 ey Xpp(n-1)+1-1)" ) thi w = X7 %57 % v6i a; =0 v0i moi ¢ va

m(n—-1)+1-i
m(n—-1)+1-i
Z a; = y(G;).
t=1

Giasta;<2véimoii=1,..,m(n—-3)—3(G—-1) va a; <1 v6i moi t = m(n —
3)-3(i-1D+1,...,m(n-1)+1-i,suyra Y "¢ V"1 g, < m(n-3)-3i+3 (mau

thuan). Do d6, ton tai % € {1,...,m(n — 3)—3(i — 1)} sao cho a; = 2 hoic ton
taike{m(n-3)-3G-1)+1,...m(n—-1)+1-i} sao cho a; = 1. Hay c6 thé
viét w = x,fwy, suy ra w € QGi2yc.)-
Tt B6 dé4.1.6, ta c6 (Ip(DY™))sy, 12 6n dinh véi

Yo =max{y(G;) | i =0,...,r} =m(n +1).

Theo Dinh ly ta co

reg(Ip(D™)) < m(n +1).
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Vi du 4.2.12 (Hinh 4). Xét db thi cbi xay gi6 Ha Lan DI, ta ¢6 D(Go) =
{x1}. Ap dung phuong phap DVE trén Gy, ta thu dudc do thi G; gom 4
duong P4 v6i D(G1) = {x1,x9,%3,%4,%5,%6,%7,%8}. Chung ta khong thé ap
dung phuong phap DVE trén cac P4 vi sé thu dugde do thi phan tan. Do
dé, Stabp(Ip(DM) = 1.

X3

x7

9 10

Go= Dgl) xn Gi1 =
Hinh 4. Day lién tiép cac do thi con Go,G1 ctaa D?).
Vi du 4.2.13. Trong Vi du{4.2.12) D(Gy) = {x1} v6i
Q(Go) = (x},23,%3, ..., 36, %77)

va y(Go) = 24. D(G1) = {x1, %2, %3, %4, %5, %6, %7, X8} V01 Qg = (x7,...,x5,X9, .., X16)
va y(G1) = 1. Do d6, reg(Ip(D{M)) < 24.

Khi n =3, ta ¢6 D™ la dd thi ban bé %,,. Chting ta thu dude hé qua
sau day.

Hé qua 4.2.14 ([4, Theorem 3.16)). Gid stz %, la do thi ban bé véi m = 2.
Khi do,
reg(Ip(F,,)) <4m.

Phan tiép theo, ching ta tinh toan chi s6 6n dinh bac ctaa do thi cbi
xay gié va thiét 1ap chin trén cta chi sbé chinh quy cta idéan khtt lién
két véi 16p do thi nay.

Pinh nghia 4.2.15. D6 thi cbi xay gié (windmill) W™ véin =3 va m =2
12 @6 thi hitu han, don, lién théng dat dudc bang cach ghép m d6 thi day
du K, chung nhau tai 1 diém. Db thi W™ ¢6 m(n - 1)+ 1 dinh.
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4)
K4
Hinh 5. C4c db thi cbi xay gié W.* (trai) va W ” (phai)

B& dé 4.2.16. Gig st W™ la dé thi cbi xay gié véi n =3 va m = 2. Khi
do,

Stabg(W™) = m(n —3) + 1.
Chiing minh. Db thi c¢bi xay gié6 Go = W™ gdm mét dinh c6 bac m(n —1)
va cdc dinh con lai ¢6 bac n — 1. Ap dung phuong phap DVE trén Gy, ta
thu dugdc do thi G; gom m d6 thi day da K,,—; va méi dinh trong G1 c6
bac n —2. Khong mat tinh tong quat, 4p dung phuong phap DVE trén
G1, chung ta c6 thé b6 di 1 dinh bat ky ti mot do thi day da nao dé
trong G va do thi Gs. P6 thi Gs gdom m —1 do thi day da K,_; va mot
do thi K,,_s. Tiép tuc qua trinh trén cho m —1 d6 thi K,_; con lai, ta thu
dudc do thi G, gom m do thi day da K,_o. Tiép tuc qua trinh nhu vay,
ta co

Stabg(W™) = m(n —3) +1.

[]

Bé dé 4.2.17. Gig st W™ la dé thi cbi xay gié véi n =3 va m = 2. Khi
do, cdc idéan day duoc xac dinh nhu sau

(m) m(n-1)
QGO(W )_(x x2 m(n 1)+1)
va
(m)_n—k2 nk2 n—-k-3 nk3
QGp+km(Wn )_(‘xl ) (m —p+1)(n—k— 1)’x(m —p+)(n—k-1)+1’"" m(n D+1- (p+km))

véip=1,...m;k=0,...n—-4va
QG1+(n—3)m(W7(lm)) = (xla --~~7x2m)-

Chiing minh. Xét Go = W™ 1a db thi c¢bi xay gié, day bac cia né 1a dg =
(m(n—-1),n-1,n-1,..,n—1). Theo ching minh caa Bo déel4.2.16, @6 thi
m(:zr—l)
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G1 thu duge ¢6 day bac di = (n —2,n—2...,n—2). St dung phuong phap

m(?(—l)
DVE, ta thu dudc do thi G ¢6 day bac

do = (n-2,n-2,.,n-2,n-3,n-3,..,n-3).
(m—-D(n—1) (n—2)

St dung phuong phap DVE lan ludt, ta thu dudc G,,, c6 day bac

dm :(11—2,n—2,...n—%,p—3,n—3,...,n—3).

no1 (m—1)(n—2)

Tuong tu ta co day bac cha Gp+1la dy1=(n-3,n-3,...,n-3). Tiép tuc
) m(;{—Z)
qua trinh nay, ching ta thu dudc day lién tiép cac do thi con

G=Go>2G12G2> - 2Gp1pm 2 2Gnn-3) 2 Gmn-3)+1,
véi day bac ctia Gpirm 1a

dpstm=n-k—-2,..n—k-2,n—k-3,...n—k—3),
(m—p+&n—k—1) (p_l)(;;_k_g)

gom m(n—1)+1—(p +km) thanh phan véi p=1,..m va £ =0,...,n — 4.
Va do thi con cudi cung cta day trén c6 day bac 1a d, = (1,...,1), véi
——

2m

r=m(n—3)+1. Do do, cac idéan day dudc xac dinh nhu sau

(m) m(n—1)
Qe (W, ™) = (x] Xy m(n 3)+1)
(m) n—k— 2 n—-k—-2 n—-k-3 X" k-3
Qi pm Wy ) = (2 X (m—p+1)(n-k—-1*(m-p+1)n-k-D+1> > Xm(n-1)+1- (p+km))

véip=1,...,m;k=0,...,n—4va
QG1+(n—3)m(Wr(lm)) = (x1’ °°°°ax2m)-
]

Pinh 1y 4.2.18. Gid st W™ la do thi cbi xay gié véi n =3 va m = 2. Khi
ds,
reg(Ip(W™)) < m(n - 1)%.
Chiing minh. Pat r = Stab(W™) = m(n—3)+1 véi n = 38,m = 2. Theo B6
dé|4.2.17|, cac idéan day dudc xac dinh béi
Qa( W(m)) = (xm(n Y x2 m(n 1)+1)
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N

va

(m)y _ (.n—k-2 n—k—2 n—-k-3 n-k-3
QG 1m(Wn ) = (2 o3 X m = 1 1)n—k—1)Xm-p+ D(n—k-1)+17 " Cp(n-1)+1—(p-+km))

véip=1,...m;k=0,....n—4va
QG1+(n—3)m(Wr(lm)) = (x1’ ....,me).

Do d6, idéan khit cia W™ la Ip(Wy™) = M;_,Qq, v6i r = Staby(W™).
Chung ta xét ba truong hop sau day.

Truong hop 1. Véi i =0, dit y(Go) = m(n — 1), chiing ta sé chitng minh
QG0 12 6n dinh. That vay, xét u € Qg,.

N7 PR .
Gy thi u = va,;’ v6i j nao do,

jell,..,m(n—1+1} va v e (x1,...,Xmmn-1)+1)" ¢V "%, trong d6

m(n—-1) né-uj: 1;

a;= A
n—1 néu j=2,...mn-1)+1.
Néu m(u) > j thi 2% = 2% 2% ¢ Qa o VoL moi k < m(u). Do d6
Xm@)  Xm)” ] 0=Y(Go) ' ' ’

QGOMGO) la 6n dinh.
Néu m(u) =7 thi u € (x1,...,4me-1)+1)"C?, V6i (X1, ..., X pn-1)+1)7C? 12 6n

dinh va
G
QGOzy(GO) < (xla "-axm(n—1)+1)Y( O).
Ta o (x1, ""xm(n—l)-#l)y(GO) = QG02y(G0)' That vay, v6i w € (x4, ---,xm(n—1)+1)Y(GO)

m(n—-1)+1

a _ 4. s . <
Tlag?.x "0 v6i ap = 0 v6i moi ¢t va YT a; = y(Go).

khi do w = x]'x, X

Gia st ay<m(n-1)va a;<n-1v6éimoi t =2,...,mn-1)+1, suy ra

m(n-1)+1
21

ke{2,...m(n—1)+1} sao cho a; =n—1. Hay c6 thé viét w = xzkwl, tu day

a; <m(n-1)2—1 (mau thuan). Do d6, a1 = m(n—1) hodc ton tai

suyraw € QGOMGO).
Truong hop 2. V6i i = p+km trong d6 p=1,....,m va k=0,...,n—4 thi
1<i<m(n-3),dat

Y(G)=Y(Gpirm) =(m—p-1)(n-k-1)n-k-3)+(p-1)(n-k-2)(n—-k—-4)+1.

Ta ching minh Q¢,_ 1a on dinh. Xét u € Qq,.

nao d6, je{l,...,mn—-1)+1-i} VA v € (x1,..., A mn_1)+1-i)"¢P~%, trong d6

, aJ 4. .
tacou =X, VOl j

n-k-2 néuj=1,..(m-p+1n-k-1)
a;= )
7] n-k-3 néuj=(m-p+Dn-k-1+1,...mn-1+1-i.
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A . N a; S . ,
Neu m(u) > j thi 2% = X% »'V ¢ Qq. v6i moi k < m(u). Do d6,
Tmw) — Em@) J 12y(G;) :

QG ., 12 on dinh.
Néu m(u)=jthiue (x1,...,xm(n_1)+1_i)Y(Gi), Vil (xl,...,xm(n_1)+1_i)7’(Gi) la

on dinh va Qg,.  , < (x1, s Xmn-1)+1-)7 €. Chiing ta sé chiing minh

(G;)
(x19°°°7xm(n—1)+1—i)y ' gQGizy(Gi)'

Xét w € (X1, ..., Xm(n-1)+1-:)" ¢, khi d6 w = xflxgz...x::gl”__ll;fl_ii vl a; =0 vii
mn=D+1=1 o > 1(G;). Gla st a; <n—-k—2véimoit=1,..,(m—p+

t=1
D(n—-k-1)vaa;<n—-k-3v6imoit=(m-p+1)(n-k-1)+1,... m(n-1)+1-1i,

moiztvay

suy ra

m(n—-1)+1-i
Z a;<(m—-p-1n-k-1)n-k-3)+(p-1)n—-k-2)(n—-Fk—-4),
t=1
diéu nay 14 mau thuin. Do d6, ton tai mot sé nguyén [ € {1,...,m(n—3) —
3(Gi—-1))saochoa;=n—-k—-2hoéctontail e {m(n-3)-3G-1)+1,...,m(n -
wi. Tu

aj

1)+1—-i} sao cho a; =n—k —3. Khi d6, chiing ta c6 thé viét w =X,

day suy ra w € QG )
Truong hop 3. Vi i =r = m(n-3)+1, dat y(G,) = 1. Tuong tu ching
minh trén, ta ¢6 Qg, .y, 12 on dinh.

Theo BS dé4.1.6, ta c6 (Ip(W™))xy, 12 6n dinh, trong d6

yo=max{y(G;) | i =0,...,r} =m(n - 1)~
Theo DPinh 1y [4.1.7] ta c6
reg(Ip(W™)) < m(n - 1)
O

Vi du 4.2.19 (Hinh 6). Ap dung phuong phap DVE trén db thi Wf), ta
c6 Stabg(W.Y) = 5.
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x8
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G3 x1 b G4 xg G5 x7

Hinh 6. Day cac do thi con lién tiép Go,G1,G2,G3,G4,G5 ciia Wf).

Vi du 4.2.20 (Hinh 6). Ap dung phuong phap DVE trén d6 thi W.*, ta c6
D(Go) = {x1} v6i Qq, = (12,23, %3, ...,x3,) va y(Go) = 36. D(G1) = {a1,%2,x3, ..., X12}
Vol Qg, = (x3,x3,x3,...,x%,) va y(G1) = 13. Dg, = {x1,x2,...,x9} V6i Qg, =

(x3,23,....,x3,%10,%11) V& ¥(G2) = 10. D(G3) = {x1,%x2,%3,...,x5,%6} VOl Qg =

(x%,xg,...,xg,xg,x%xg,xg,xlo) va y(G3) ="7. D(G4) = {x1,x2,x3} VOi

2 2 2
Qq, = (x7,x5,%3,%4,X5,X6,%7,X8,X9)

vay(G4) = 4. D(G5) = {x1,%2,%3,%4,%5,%6,X7,%X8} VO1 Qg = (x1,X2,%3,%4,%5,X6,X7,X8)
va y(G5) = 1. Do d6, reg(Ip(W.")) < 36.

Khi n=4,m =2, ta c6 W, ding ciu véi dd thi 3-nén kép, do d6 ta thu

dudc hé qua sau.
Hé qua 4.2.21. Gid st G la dé thi 3-non kép. Khi do,
reg(Ip(G)) < 18.

Khi n =3, suy ra Wém) dang ciu véi do thi ban be, ta ciing thu dudc
Hé qua4.2.14

Cubi cung, chung ta tinh chi s6 6n dinh béc cta do thi n-ta va thiét
1ap chin cho chi s6 chinh quy ctia idéan khit lién két véi 16p do6 thi nay.
Pinh nghia 4.2.22. D6 thi n-ta v6i n = 3 1a d6 thi hitu han, don, lién
thong dat dudc bang cach néi hai d6 thi day du K, béi mot canh.
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5-ta
Hinh 7. C4c do thi 5-ta (trai) va 6-ta (phai).
Bo dé 4.2.23. Gid st G la d6 thi n-ta véi n = 3. Khi do,
Staby(G) =2n —4.

Chung minh. Gia st G 1a do thi n-ta, gom hai dinh bac n va cac dinh
con lai ¢6 bac n— 1. Ap dung phuong phap DVE, ta thu duge dd thi G4
gom hai thanh phan lién thong 1a hai d6 thi day da K,,_; va K,. Tiép

tuc qua trinh nay va theo [4, Proposition 2.7], ta co
Stabg(G) = 1+ Staby(K,) + Stab(K,,_1) = 2n — 4.
O]

Bé dé 4.2.24. Gid st G la dé thi n-ta véi n = 3. Khi dé, cdc idéan day
dudc xac dinh nhu sau

-1 -1
QG (G) = (x],x5,x57,...,x5, ")

va
n—(5+1) n—(5+1) £ . 1o
10 enXe, ) neu i chan;
. G - i+1 1+1 1+1 i+1
e xn_lT xn_lT xn_lT_l xn_lT_l) néu i lé;
1 oy Bl B9 2n ’

2

véi i =1,...,r, trong doé r = Staby(G).

Chiing minh. D6 thi n-ta c6 day bac dg = (n,n,n—1,n-1,..,n-1), gom 2
2n-2

dinh bac n va 2n -2 dinh bac n - 1. Ap dung phuong phap DVE, ta thu

dugc do thi con G1 ¢6 day bac dq = (n-1,n-1,.,n-1,n-2,n-2,..,n—2)

n n—-1
va D(G1) = {x1,...,x,}. Ap dung phuong phap DVE trén G., ta thu ducc
G2 v6i day bac dg = (n—2,n-2,...,n-2). Tiép tuc qué trinh nay, ta thu
) ~ 20-D)
dude day lién tiep cac do thi con

GODGlD'”DGr7
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trong do6 day bac cua G; tuong ting la
d; =(n—(%+ 1),...,n—(%+ 1)

neu i chan va

néu i 18 v6i 2n—i thanh phan. Do d6, khang dinh dudc chiing minh. [
Dinh ly 4.2.25. Gid stz G la do thi n-ta véi n = 3. Khi dé,
reg(Ip(@) <2(n—1)% + 1.

Chuing minh. Theo B6 dé [4.2.23, ta c6 Staby(G) = 2n — 4. Theo B6 dé
4.2.24] idéan day la

Qo (G) = (x7,x5,x5 " L xznl)

va
n—(1+1) n—(t+1) A . g
PO S o § neéu i chan;
Qg (G)=q il g g 15
xq ,...,xn_% 1,xn_%+2,...,xzn_i ), neui le;

véi i =1,..,2n—4. Do d6, idéan khit caa G la Ip(G) = N?";*Qg,. Ta xét
cac trufbng hgp sau.

Truong hop 1. Véi i = 0, dat y(Go) = 2(n —1)2 + 1, ta sé chiing minh
QGOzy(GO) 14 6n dinh. That vay, xét u € QG02y<G0) tacou= vxjj véi j nao do,

jefl,...2n} va v e (x1,...,x0,)V G972 trong d6

n, néu j=1,2;
aj= A .
n—1, neuj=3,..,2n.
_ XpU
Néu m(u) > j thi —x e —xm(u) J QGO>y(G , v6i moi k < m(u). Do do,

QGOzy(GO) 14 6n dinh.

Néu m(u) = j thi rd rang u € (x1, ..., 29,)" G0, v6i (x1, ..., x2,)" ¢ 12 idéan
on dinh va QGOzy(Go) < (x1,...,X9,)" G0, Ta can ching minh (x, ...,x2,)" 0 c
QGO>y(G - Xét w € (x1,..., x9,)7 G0 thi w = x]tag?.xg" VO ap = 0 vOi moi
t=1,...2n VaZt "y =y(Go). Gid st a;<n v6imoit=12vaa;<n-1
v6i moi ¢ = 3,...,2n, suy ra Y, a; < 2(n — 1)> (mAu thuan). Do d6, a; =n

73



hoac ay = n hodc ton tai % € {3,...,2n} sao cho a; =n — 1. Khi d6, chung ta
c6 thé viet w = x3*wy, tit day suyraw e QGo-,q,)-
Truong hop 2. Véi i =2,...,2n — 4, dat

Y(G;))=2n—-1)(n- % —-2)+1.

Chung ta sé chiing minh Qg, 14 6n dinh. Xét u € Qg, thiu = vxjj

=2y(G;) =2y(G;)

v6i j nao do, je{1,..,2n—i} va v € (x1,...,x9,_;)VGP7%  trong dé a;=n-
(%+1)V6i moi j=1,...,2n—1.
_ XpU
Néu m(u) > j thi —x i _xm< ) J QGL>y(G) v6i moi & < m(u). Do do,
QGizy(Gi) 14 6n dinh.
Néu m(u) = j thi rd rang u € (x1,...,x9,—;)" 9, Vi (x1, ..., x9,—;)" ) 12 6n

dinh va QGizy(G~) S (x1,...,49,—;)7@). Ta sé chiing minh

(Gy)
(X1,..,%2,-) 7V S QGizr(Gi)'

Xét w € (x1,...,x9,-1)7F) thi w = x;“xgg.. ngl"_‘ii v6l a; = 0 v6i moi ¢t va

Zznl La; = y(G). Gid st a; <n —(% +1)v6imoit=1,...,2n—1i khi do

2n—1i
Z ay, <(2n—t)(n—§—2)
t=1

diéu nay 12 mau thuan. Do d6, ton tai & € {1,...,2n — i} sao cho a, =n —

(% +1). Do d6, ta ¢ thé viét w = xzkwl, tu day suy ra w € Qg

iEY(Gi).
Truong hop 3. V6i i =1,3,...,2n -5, dat
1+1 1+1 +1 +1
Y(Gi )—(n——+1)(n———1)+(n—l—)(n—l——2)+1
2 2 2
Chiing minh tuong tu nhu trén, ta cé6 Q6. 14 6n dinh.

Theo B6 dé4.1.6} ta c6 (Ip(G))=y, 12 6n dinh, véi

yo=max{y(G;) | i =0,....,r} =2(n - 1)% + 1.
Theo Dinh 1y [4.1.7] ta c6
reg(Ip(@) <2(n—1)% + 1.
O

Vi du 4.2.26 (Hinh 8). Ap dung phuong phap DVE trén d6 thi 5-ta, ta
c6 Staby(G)=6
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x3 X10

x5 X4
X X X X,
x4@1—@ | @ @ | ﬁ & x3
x7 6 X1 X2

x5 *6 x7 x8

2
X6 X4
X5 x5
x7 x1 x2
Gs

x4 x1 x9

Gs

o x3
x4 *1 x2

Gs

Hinh 8. Day lién tiép céac d6 thi con Go,G1,G2,Gs,G4,G5,G6 ctia do thi
5-ta.

Vi du 4.2.27 (Hinh 8). Ap dung phuong phép DVE trén d6 thi 5-ta, ta
c6 D(Go) = {x1,%2} V6i Qa, = (x3,x3,x3,x}, %3, %6, x7,%5, %9, x],) VA Y(Go) = 33.

— A3 4 .4 .4 .4 ,4 .3 —
D(Gl) - {.’X,'1,x2,x3,x4,x5} V01 QG1 = (x]_)x2,x37x4,x5’x6’x77x87x9) va ’)/(Gl)

_ 3 .3 .3 .3 .3 .3
24. D(G2) = {x1,%2,x3,%4,%5,%6,X7,%8} VOl Qg, = (xl,xz,xz,x4,x5,x6,x7,x8) va

Y(G2) =17. D(G3) = {x1,%2,%3,%4} V01 Qg, = (xi’,xg,xg,xi,x5,x6,x7) va )/(Gg) =

12. D(G4) = {xl’xz’x3,x4,x5,x6} voi QG4 (x17x2’x§>x4,x5>x6) va Y(G4) =
D(G5) = {x1,x2,x3} V01 Qg = (x3,x3,x3,%4,%5) V2 Y(Ge) = 4. D(Ge) = {x1,x2,%3, X4}

VOl Qg = (x1,%2,x3,%4) Va y(Gg) = 1. Do d6, reg(Ip(5-ta)) < 33.

Nhan xét 4.2.28. Vi idéan khit 12 mét idéan kiéu Borel. Chan trén cho
chi s6 chinh quy cta cac idéan kiéu Borel dudc thiét 1ap béi Ahmad-
Anwar [3] va Cimpoeas [9]. Luu y, cac chan ma chung t6i thu dudc la
tot hon cac chin da c6 6 [3] va [9] trong tat ca cac trudng hop trén. Va
chin ma ching t6i thu dude 14 phu thudc vao yéu t6 t6 hop ctia do thi.

4.3 Két luan Chuong 4

Trong chuong nay, chiing toi da thiét lap chin trén t6 hop cho chi sé
chinh quy Castelnuovo-Mumford ctia idéan khit lién két v6i mot s6 16p

d6 thi Pinh ly Pinh 1y |4.2.11, Pinh 1y 4.2.18, Pinh ly |4.2.25).
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Két luan

Tém lai, trong luan an nay ching t6i da dat dudc mét s6 két qua nhu

sau.

- Khao sat tinh khong duong cta cac hé s6 Hilbert ctia idéan m-nguyén
s6 J v6i mot sb6 diéu kién caa o(J).
- Thiét 14p céc chan cho cac hé s6 Hilbert ¢;(Q),i = 2 ctia idéan tham sb

@ theo hé s6 Chern e1(Q) va chiéu, khong phu thuéc s6 boi e(Q).

- Thiét lap chén tuyén tinh cho chi s6 nhiéu Hilbert N(I,J) theo bac
dong diéu hdeg(J,R/I) véi J 1a idéan m-nguyén so.

- Chiing minh su bao toan ctia ham Hilbert-Samuel d6i ngau lién két
v6i modun d6i Cohen-Macaulay.

- Tinh céac chi s6 6n dinh bac ctia mot s6 16p do thi dic biét. Tu do, thiét
1ap cac chén trén t6 hop cho chi s6 chinh quy cta idéan khit lién két

v6i cac 16p do thi nay.
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Kién nghi

Céc bai toan ma ching t6i tiép tuc nghién ctu trong thsi gian téi 1a
bai toan nhiéu cta idéan trong vanh dia phuong va chi s6 chinh quy
ctia idéan khit lién két véi cac do thi téng quat hon. Do d6, ching toi dé

xuat mot so cau hoi nhu sau.

Cau hoi 4.3.1. Gid st (R,m) la vanh Noether dia phuong, J la idéan
ctia R va I =(fy,...,f+) la idéan sinh bdi day J-loc chinh quy. Khi do, sé
Bass thu i cua R/I la

p(RIT) = dimy,(Extl, (&, R/D)).

Héi khi nhiéu béi idéan I thi cdc sé Bass ciia R/I ¢é dude bdo toan
khong?

Cau hoi 4.3.2. C6 thé thu dudc mot chdn tot hon cho chi sé6 nhiéu clia
[49, Dinh ly 3.5] khong?

Cau héi 4.3.3. Nghién ciiu chi sé chinh quy cia idéan khi; lién két vdi
dé thi cdy?
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